AROUND THE QUANTUM LENARD-BALESCU EQUATION

LE BIHAN, CORENTIN

ABSTRACT. In the mean-field regime, a gas of quantum particles with Boltzmann statistics can be described
by the Hartree-Fock equation. This dynamics becomes trivial if the initial distribution of particle is invariant
by translation. However, the first correction is given on time of order O(N) by the quantum Lenard-Balescu
equation. In the first part of the present article, we justify this equation until time of order O((log N)1*5)
(for any § € (0,1)).

A similar phenomenon exists in the classical setting (with a similar validity time obtained by Duerinckx
[Due21]). In a second time, we prove the convergence for dimension d > 2 of the solutions of the quantum
Lenard—Balescu equation to the solutions of its classical counterpart in the semi-classical limit. This problem
can be interpreted as a grazing collision limit: the quantum Lenard-Balescu equation looks like a cut-off
Boltzmann equation, when the classical one looks like the Landau equation.
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1. INTRODUCTION

1.1. General presentation. Fix L > 0. We denote Ty, the torus of length L, (R/LZ)d (with d > 2) and $,
the Hilbert space L?(Tz). We want to describe N particles in Ty, interacting via pairwise potential energy.
In the following, we denote Z¢ := (2w LZ)¢ the dual space of Tr..

We fix L and N such that NL~¢ = 1 (the density is constant). The state ¥ (t) € HY follows the
Schrodinger dynamics

9 N N
(1.1) ihoyn (t) = % Z —Ajn(t) + % Z Vikn (1)
7j=1 i<k
with A; the Laplacian with respect to the j-th variable and Vjj the multiplication by V(z; — x1). For the
moment, one can suppose V smooth, with spherical symmetry and compact support.

With a statistic point of view, the system is described by a density matrix Fy € £'($1) (the space of
trace class operators, see Section 1.9 of [GolI3| for the definition and basic properties). An easy way to
introduce F is to understand it as a Hilbert-Schmidt operator with Kernel FN(CE[LN], yn,N)) € L? (ﬁ%N),

1
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with x = (z1, ,oy) €TY
[1,N] L IN L

(1.2) N /wxumwmwNn<wo

where 7 is a probability measure on {t) € L2(HY), ||| = 1}.
As particles are exchangeable, the matrix Fiy has to verify the following (weak) symmetry condition:
(13) Vo € Gy, FN(:CO'(l)7 Te(N) Yo (1) 7yO'(N)) = FN(Ilv TN YL, ayN)'

Remark 1.1. We say that Fiy is
o Fermionic if m has support included in (with (o) the signature of o € &,,)

{1/) € f-)g’ w(‘rﬂ(l)?“' 7‘730'(1\7)) = E(U)w(‘rla"' ,.’EN)},
id est FN(xlv"' Yy TN Yo (1), " 7y(r(N)) ZG(U)FN(xlv"' y TN Y1, ayN)7
e Bosonic if m has support included in
{v e Ny, v(@o), Tony) = (@1, ,2N)},
id est FN(xla"' 7xN>yo'(1);"' 7yU(N)) :FN(xla”' Yy TN Y1, ayN)

Using (1.1)) and , the density matrix Fj n(t) is solution of the Von Neumann equation

2 N
(1.4) ih Fyn (t :?Z —Aj, Fun(t) NZ Vi, Fnn(8)], Fron(t=0):= Fyp.
j=1 i<k

At time 0, we make a chaos assumption, i.e. we suppose the factorization of the density matrix: there
exists Fy € £'($) such that the density matrix Fiy ¢ verifies

(1.5) Fno(@y, - @n,yn, o yn) = [ [ Foli, va)-

Remark 1.2. Let F be a Bosonic density matrix.
o if there exists F1 € L'(91) such that Fy = FEN then there exists ¢ € $ such that Fy(z,y) =
U(@)(y),

e if Fy is translation invariant, then there exists a family (ck)k such that
Fi(x,y) Z cpe'® (z=y)
keZr,

We deduce that if Fi is symmetric and invariant by translation, then there exists k € Z¢ such that

N
Frn (2, Ny, ypNy) = 55 exp | ik Z

which is a fix point of the mean-field dynamic. This shows that our results cannot be applied to Bosons.

e Derivation of an effective equation on the long time scale. In that setting, one can prove (see
[Gol13l, [PPS19]) that when N — oo, the density matrix of a typical particle Félj)\,(t, Z1,y1), where

(1.6) Vn € [1,N], Féf’fv(tw[l,npyu,zv]) = /Fﬁ,N(tax[l,n]aZ[n+1,N]7y[1,n]aZ[n+1,N])dZ[n+1,N]

converges to Fj(t, x,y), the solution of the solution of Hartree equation
h? ~
ihdFa(t) = S (<A, Fy) + [V, Fu] | Falt = 0) = Fy
2
(1.7) )
V(t,z) = /V(w —y)Fn(t,y,y)dy.

where V is an effective potential.
In [PPS19|, the authors prove a stronger result, the propagation of chaos: if at time 0 the system is
distributed with respect to Fy n := F(SX’N then V¢ > 0,5 € [1, N],

72
(18) e /‘ ) (b0, + vi10)| dapn) < O/M 2
1,5] ET]



AROUND THE QUANTUM LENARD-BALESCU EQUATION 3

where the constant C' does not depend on i. Note that the norm is the El(fji)—operator norm.
If we choose an initial data invariant by translation (Fy(z,y) = G(z —y)), the effective potential becomes
constant. Hence, at the first order, the density is constant at the first order.

However, the error terms Ff(blj)\,(t) — Fu(t), Frg z)v(t) — F22(t) are of order O(1/N). Hence it is natural to
guess if one can obtain a corrector on long time (of order O(N)). Denoting @y, n,1(t,v) the Wigner transform
of FS])\,, scaled in time

(1.9) Vo € Z§ i, On N L(tv) = (2%)(1 /M FR(Nt 8, —E)eivdy
In limit N — oo, LYN = 1, one can prove the formal convergence of ®p, y 1. (t,v) to the solution of the
Quantum-Lenard-Balescu equation: for ¢g := #
(1.10) Vt >0, Yo, € RY 9,®p(t,v1) = QR 5 (@4 (1)) (v1).
a1 Qs = [ V(f?:f;f;j;jl);”“” (®(0s — BE)D (o1 + 1) — D(o1)B(02) dbdg
(1.12) en(®, ki 0) = 14 (k) / m‘f(?()v) - i’w*h;)hk)io dv,.

We precise that we take the convention for the Fourier transform
(1.13) f}(k) — /V(ﬂ?)e_ikxdx.

This equation looks like the Boltzmann equation, with a dynamical screening |e,(®, k,v1)|~2, and verifies
formally the same conservation laws and H-theorem

1
d d
a @h(t,vl) (% d’U1 = 0, E /@h(t,vl)log @h(t,vl)dl}l S 0.
|v1[?

Hence, it describes an quantitative irreversibility coming from the mixing of the system.

This equation has been first formally derived by Balescu [Bal61]| for particles in the Bose-Einstein or
Fermi-Dirac statistic (for these particles, he found a cubic version of the equation).

Note that in the weak coupling scaling, a quantum system can also be described by a collisional kinetic
equation. In that setting, the interaction are given by the short range potential: the density matrix respect
the equation

(1.14) ih0;Fy = —h? XN: [A;, Fy] + \/ﬁZN: [v (“;mf‘) ,FN} .

i<J

with the scaling NA* = 1 (in dimension 3). The equation has been first formally derived by Nordheim
[Nor28|, and Uehling and Uhlenbeck [UU33] (see also [Pul6]).

e The classical counterpart. A similar phenomenon exists in the classical setting. Consider a
gas of N particles inside the domain Ty, with constant density NL? = 1. Denoting their coordinate
(z1, -+ ,xN,v1, -+, vy) following the classical dynamic linked to the energy

N 02 1
(115) Hy ::Z B) +NZV(1‘7*:€J)

i=1 i<j

We denote Fi(t, (1,5, [1,n]) the distribution of particle. It is supposed initially factorized:
Fy(t= 0, Z[1,n), V[1,n]) = Fo(z1,v1) - Folzn,vn)

for some probability density Fy on Ty, x R?. Then one can show that the first marginal

FP(t,21,01) = /FN(t,$[1,n],v[1,n])d$[z,n} dvjz
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converges when N goes infinity to F/(t,z,v)) the solution of the Vlasov equation (see Braun et Hepp [BH71],
Dobrushin [Dob79], and a review of Golse [Gol22])

OF(t) = —v-V,F(t)+ V.,V -V,F(t), F(t=0) = F,

1.16 - -
(1.16) V(t,x) = /V(a: —y)F(t,y,v)dydv.

If we suppose that the initial density is inariant by translation, Fy(x,v) := L~%®(v), then effective potential
V become constant, and the Vlasov dynamics is trivial. As in the quantum case, one show that the scaled
density

P (t,v1) = /FN(Nt7x[l,n]av[l,n])dm[l,n] dvpz

converges as N — 0o, NL? =1 to ®(t,v;), solution of the (classical) Lenard-Balescu equation

(1.17) 0@ = QY 5(®)(v1)

(].].8) Q%B(@)(Ul) = Vvl . B((I),Ul,UQ) (CI)(’UQ)V@(’Ul) - (I)(Ul)VCD(UQ)) d’UQ
V(k)[2k ® k

(119) B(@,Ul, 1}2) = Cq M&k.(vlv2)dk

(1.20) eo(®, k,v) =1+ V(k) / Imdv*.

The equation has been derived simultaneously in the 60s by Guernsey [Gue61l [Gue62], Lenard [Len60]
and [Bal60]. In the former two derivation, the authors use a truncation of the BBGKY hierarchy. This
strategy has been by adapted by Duerinckx [Due2I| and Duerinckx—Saint-Raymond [DSR21]| in order to
obtain a consistency result. Note that in the first result, the author reach the time O((log N)*~%) (compare
to O(N) of the kinetic time), when in [DSR21], the authors reaches the longer time O(N?) in a linear setting
(where ¢ € (0,1) is small enough).

The classical Lenard-Balescu equation has been studied by Duerinckx and Winter in [DW23].

e Semi-classical limit of the quantum Lenard—Balescu equation. In the semi-classical limit 2z — 0,
one can proof that the quantum system "converge" to the classical one. More precisely, consider Fy(t,x,y)
solution of the Hartree equation with initial data Fy (z,y). At time 0, we suppose that the Wigner transform
of Fy ; defined by

(1.21) Fmo(ﬂ],?)) = (27‘_%” /F07h(1' + %, T — %)ez%y dy
converges to some distribution Fy(x,v). Then the Wigner transform of Fj(t,z,y) converge to F(t,z,v), the
solution of the Vlasov equation with initial data Fy(x,v).

One can ask a similar question for the quantum Lenard-Balescu equation: for ®(¢,v1) the solutions of
the quantum Lenard-Balescu with initial data ®o(v1) equation converge to ®(¢,v1), the solution of
the classical Lenard—Balescu equation with the same initial data.

This problem looks like a grazing collision limit: we want to link a Boltzmann like operator
(1.22)

Q™M®)(v1) :/d . (<I> (g + '”1;“2‘a)<1> (; - ‘”1;”2'0) —<I>(1)1)<I>(1)2)) Bi(®,v1,v2,0)do dvs
Se-1xR

toward a Landau type operator

(1.23) Q%(®)(v1) = Vi - / (VO (v1) @ (v2) — ®(v1)VO(v2)) Bo(®,v1,v2)dvy.

R L
if the collision kernel Bp(®, ”17'5”2, 52 0) concentrates on the o with o - ﬂi:z;‘ ~ 1. Here, we use the
variable o := Wﬁ’f}j‘#‘f’z, which is common in the literature.

The rigorous analysis of the grazing collision limit goes back to the classical result of Arsenev and Buryak
in [AB91], and a general setting as been treated by Alexandre and Villani in [AV04]. However, the solutions
consider by these two authors are very weak (they are called the renormalized solution). As the Lenard-
Balescu kernel By (®5(t), v1,vs,0) depends on the solution ®5(t), one needs a strong notion of solution.

In [Held], He proved the strong convergence of the solution of the Boltzmann equation toward the solution
of the Landau equation, in the case where the kernel By, (®(t), v1,v2,0) is independent of ®(t) and 242,
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and that is not integrable with respect to the variable o (these kernels are said uncutoff). In that case, the
Boltzmann operator acts like a fractional Laplacian, bringing some additional regularity.

Note also the work of He, Lu, Pulvirenti and Ma around the classical limit of the quantum Boltzmann
equation [HLP21| [HLPZ24].

In the case of Lenard-Balescu kernel, there is cutoff: for V € L' N L>(R3), one has

Jvg—val? v2I2

2n2 N
V(k 5 v dk = d
/ k-(va—v1—hk) h2|’l}1—1}2|_/ y) Yy

for some constant ¢. In the present paper, we propose a strategy that can be applied to cutoff kernel, for
any dimension d > 2.

1.2. Statement of the results.

1.2.1. Short time validity of the quantum Lenard-Balescu equation. We begin by justifying the quantum
Lenard—Balescu equation. The main goal would be reaching the kinetic time O(N), but this is for the
moment out of reach. However, we are able to propose a partial result, up to some time O((log N)(1=%)) for
any ¢ € (0,1).

We consider an interaction potential V satisfying the following assumption:

Assumption 1. The interaction potential V is smooth, radial and with compact support.

Theorem 1. Consider a density ®y such that

~ 1
(1.24) By > 0, /<I>0(v)dv = 1 and () (9)®ol| [ V]~ < 3.
At t =0 we set the system such that
(2mh)?
(1.25) Fop(x,y) = Tz, > Do (hk)et @),
ke€Zr
(1.26) Fno = Fgp

where Zy, is a mormalization constant, and we construct Fy(t) : Rt — LY(HY) the solution of the Von
Neumann equation with initial data Fiy .

We fix the scaling N — oo, L — oo with L = N” for any v > 0. Then for any diverging sequence
7~ < (log N)° (for some § € (0,1) to be fized) and any 1 € CZ(R; x RY), the scaled Wigner transform
® N 1 verifies

oo T d
(1.27) /o (QL? Z Y (t,0) 0PN, L (FFt,0)dt — / /1/1 (t,0)Q} 5 (®o)(v) dvdt.

N—)oo
’UEZL/h

The proof is given in Section [2}

We follow mostly the strategy of [Due2l] in the classical setting. It is based on the estimation of the
"defect of factorization" (also called the cumulant, introduce in (2.I))) of the marginal of the system. One
can prove that for short time (of order O((log N)*~%)), the correction implying three or more particles can
be neglected. The remaining system of two equations gives the Lenard—Balescu evolution.

In [Due2i], the estimations of the cumulants are based on the Glauber calculus. In the present paper, we
use an improvement of the cumulant estimates of [PPS19].

Note that in general, obtaining a justification of a collisional kinetic equation from a particle system is a
difficult problem. The only full (non-linear, until a kinetic time) results hold in the low density setting, for
the hard spheres system [Lan75l [Kin75, TP89) [Spo91), (GSRT13], [PSS14, [DHM24], and for the interacting wave
system [DH21| [DH23]. The other results are either in a linear setting (when we follow a particle in a bath at
equilibrium [LLSvB8&0, [DP99, DRO1, BGSR16, [Ayil7] [Catl8 [MS24]) or in the linearized setting (the study
of the fluctuations of the empirical measure around the equilibrium [Spo81} [Spo83, [BGSR17, BGSRS21],
BGSRS24| [LB24]), or are consistency result (result at time 0) [BPS13| [Win21l, VW18| [Due21] IDRO1].

1.2.2. Property of quantum Lenard—Balescu equation. We study now the property of quantum Lenard-
Balescu equation. We note that the Maxwellian

v]?

M(v) = (gﬂ)dﬂ exp(——)
is a steady state of the equation. We want to look at a solution close to this equilibrium:
(1.28) F(t,v1) = M(v1) + v M(v1)g(t,v1).
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The equation solved by g(t,v1) is

(QLBE) atg(t7 Ul) + Lﬁg(ta Ul) = Qﬁ(g(t)a g(t))(’Ul)
where we denote F), :== M + v/Mh and

6 U v —
(1.29) Lrg(v1) hQ/Z& g/ M. ke (v2—vi —1k) \/ >dkduy

|€h M k ’Ul |2
5 ’U v
(1.30)  Qn(g, h)(v1) : /z& 2) bolvem01 2 hR) /0 dk dws

|5h Fy, k,v1)]?

)26k (0o V()28 (1 —v,
/A g\/ﬁ < k-(va—vi—hk) () k- (va—v1 hk))\/ﬁgdkd?&

|Eh(M k ’U1)|2 ‘Eh(Fh7k7vl)|2

where L, is the Linearized Boltzmann operator. We use the following notation

V) =y + bk, vh = vy — hk, k- _—‘

Agh, = g(v1)h(vz) + g(v2)h(v1) — g(v1)h(vy) — g(vy)h(v7)
vie{L,2}, je{/} fl = f@]).
It is well known that the operator Ly is a self-adjoint operator in L?(R?). We introduce the weighted
Sobolev space H" C L?(R?), with norm

T

(1.31) lgll? =3

’ 2
’U s
V- 7) < 0,

where we denote || || the L?(R?). Note that the norm [|g|| is equivalent to [[(V — Z)"g]|.
In the following, we choose a potential V satisfying the following assumption:

Assumption 2. We set the dimension d > 2. We define V a symmetric (V(x) = V(Jz|)) such that there
exists three constants C > 0 and s,s' > d + 3

1

(1.32) G SVEPA+ED <O V()P + V" (k)2 <

— (L RD

Notation As the constants in the inequalities change along the computation, we denote A < B if there exists
a constant C' > 0 independent of h such that A< CB. If A< B and B < A, we denote A~ B. We denote
A=0(B) if A< B.
e Cauchy theory of the Quantum Lenard-Balescu Equation.

The first step of the semi-classical limit is the construction of solutions with estimates independent of 7.
One has a long time existence theorem for the (QLBp|)-equation, but only for large dimension.

Theorem 2. For any d > 2 and r > 5, there exists hg > 0 and n > 0 such that for any initial data g9 € H"
with || goll» < m and any h < hy, there exists a unique g € Cp(RT,H") solution of the (QLBg)-equations.
In addition, one have the following bound:

(1.33) sup [|gn () llr < llgoll»-
>0

The proof is given in Section [3] As we want to perform a semi-classical limit, we want to obtain a Cauchy
theory closed to the one obtain by Duerinckx and Winter [DW23] (following the strategy of [Guo02]).

In classical case, Duerinckx and Winter construct a weighted Sobolev norm |- ||o, controlling the non-linear
operator. In order to use the dissipation coming from the linear operator Ly, the norm || - ||o is bonded from
below by Lo: denoting my the L?-orthogonal projector onto the space < v/M,v1vV M, ---vgv/M, [v|>/M >,

Vg € C°(RY), /gﬁog < Cllmogll§

for some constant C.

In the quantum case, we construct a family of norm || ||5, each controlling the non-linear operator Q.
The || ||n converge to || ||o (for g smooth enough, ||g|lx — |lg]lo). We will prove that there exists a constant
C' independent of & such that

Vg € C°(RY), / 9Lng < Climogl2.

One can apply the same estimation than in the classical case.
In addition, one can obtain the following short time result:
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Theorem 3. For any dimension d > 2 and hg > 0, r > 5, there exists to constant cg > 0 such that for any
h < hy
Fiz go > 0 an initial data, and a constant Cy, with the following bounds

1
(1.34) en(M +vVMgg,v, k) > iR llgoll» < Cq,-

g0

Then the (QLBg) equation admits a solution g € C([0, CQT“] H").

The proof is given in Section [5]

e Semi-classical limit. One of the goals of the present paper is to describe the limit as & goes to zero.
We want to link the quantum Lenard-Balescu with its classical counterpart
For perturbative solution F'(t) := M + v Mg(t), the classical equation ((1.17)) becomes

(CLB) Arg(t,v1) + Log(t,v1) = Qo(g(t), g(t))(v1)
where we denote H := M + v/Mh and

(1.35) Log(vy) := (V - %) «/B(M, v1,03) {\/ﬁg (V1 + %) g1 — \/7 <V2 + >92:| rdvg
(1.36)  Qo(g,h)(v1) = — (v - %1) : /B(H, 1, v2) [h2 Vg1 + g2Vhi — hiVga — g1 Vha] v/Madvs

+(V— %) ~/(B(H7’Ul,7)2)_B(M7U17v2)) [\/E(Vﬁ%) g1 — F(Vz-ﬁ- )92] \/7d1)2

Theorem 4. For any d > 2 and r > 5, there exist hy and n > 0 such that for any initial data g9 € H" with

llgoll- < m and any A < kg, the sequence of (gr)n<n, of solution of the (QLBp|)-equations converges weakly
in CH(RT,H") as h — 0 to geo, solution of the (CLB))-equation with initial data goo(t = 0) = go.
In addition, one have the following bound:

(1.37) Yt >0, [lga(t) = goo (DI < Rl g0l

Remark 1.3. The preceding estimates can be improve to get a bound on ||gn(t) — goo(t)||r. As the compu-
tations become technical, we prefer to skip them.

The proof is given in Section [

2. VALIDITY AT TIME 0 OF THE QUANTUM LENARD-BALESCU EQUATION

In the first part of the present paper, we present a system from which the quantum Lennard—Balescu
equation can be derived (at least at time 0).

The strategy is quiet disconnected from the rest of the paper, and is mainly inspired from [PPS19] for
the estimation of the cumulant, and from [Due21] for the computation of the collision operator.

We denote £1(£)) the space of trace-class operator on the Hilbert space §, and $;, := L*(Ty).

We recall that the system is describe by a density matrix Fy(t) € £1(HY), self-adjoint, symmetric: for
all 0 € G and (7/17)7§N € fjg,

(1 @ - N, N ()1 @ - o) = (Vo) @ -+ Yo(n), FN (E)o(1) @ -+ Yo () ) -

It is solution of the Von-Neuman—Fock equation

N
1
ihd, F (1 Z —Aj, Fn(0)] + & > Wik En(t)].

i<k

Here, A; is the Laplacian with respect to the j-th variable, and Vj ; the multiplication by V(z; — xx).
At time 0, we fix

orh\ ¢ 1 _
Fo(z,y) = <L2> = D Qo(hk)e™ Y,

kEZr,
FN(t=0)=F3"
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2.1. A priori estimation of the cumulant. In the following we introduce the notations: for f € £1($r)
and o C [1, N]

f7 =@ fr € L1(HT),
keo
and tr, the trace with respect the particles in o C [n]:

VA € £1(0N), B € £($7), tr (A (B ® mlvnl\a)) — tr(tr, AB).

We use the notation [m,n] = {m,m+1,--- ,n} and [n] := [1,n].
That defines the k-th marginal of the density matrix Fy € £L(H™):
FI[\];] = tr[l,k] FN.

If the system start from a factorized initial data Fi o = F0®N , one can expect that the system remains
almost factorized. As the interaction creates some correlation between particles it will never remains fully
factorized and we introduce the family of density matrix (Gnn)n € [[,>; £1(H7) to measure the defect of
tensorisation:

(2.1) G =Y (~07ei e (PP @)
oC[n]
Using the g)¥, one can decompose the marginal as
(2:2) e =3 ey o e #y®).
oC[1,n]

We will prove the following result, which is similar to Theorem 2.2 of [PPS19].
Proposition 2.1. Let (F') € T[]y £LY($Y) a family of initial data such that for all N > 1,

n/2
[n]y nf_ T
(2.3) vn € [1,N], Gt = 0)lagsp) < A (W)
Then there exists a constant C > 0 independant of C° such that for any B € (0,1/9),
t B [n] nt=A\"
V- < >1 )| < (CA" | ——= .
LS G Tz L R0 < car (S

Proof. We define F(t) the solution of the Hartree equation
ihO F(t) = h? [—A, F(t)} +try [Vm,ﬁ(t)}
F(t=0)=FP(t=0)
We introduce the family of matrices E[J{n] (t) defined by
(24) BY(1) = 3 (C1)7E 1) @ (F(1)°
oCln]

It has been proved in [PPS19| that for ¢ > 0, there exists a constant C' > 0 (independent of N and L)
such that for all t > 0,

~ C ot C ot
(2.5) IF @) = B < 5eF, 1EF @)l < e©F.

We deduce immediately that for 8 € (0, 1), V% < C\Iglloo

C vt C
N@ h S Nl_B .

We can now look at the G[IG]. They are solution of the following hierarchy (its derivation is similar to the
Appendix of [PPS19])

IR < |1FeF-FPFP )+ 1ED) <

. n 1 n n

(2.6) ihd, G = <h2Kn + 5 ZTM> 9in] + Do (F)GY + DL (£ G
j<k B

+ D, (Y GRhay T DT
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where .
Z a' 5 ],k = [‘/},kv ']a Cj,7l+1h n+1] — tr[l n] ( j,n-‘rlh n+1] )
Jj=1
—— {7} 1
D (f1,92)hin—) ==Y (@,29[2]) Iy + Dn - (f1) -1
J€ln]
Dy =Dg?:=0

Dy (fi)hg = —%01,2f1 ® fi
D3 (fhg =+ (Tiahi @ i — (Cralh @ ) @ i — 1 ® (Cralh ® 1) )

. . . 5
with the similar bound, for % < o= g€ (0,1/2),

t n2 n
I3 < 1Vl (2 + g ) < [Vlloe (2 + 2 0eMIw£) < 0V (% + 5m5)
2

<omi (B (2)7)

Note that this hierarchy of equation can be simplified considering th Grand canonical ensemble: the
number of particles is not fixed but is a random (see [PPS22]).
In [PPS19], the authors use the following technical lemma, which is proved in Section 3 of [PPS19]

Lemma 2.2. Let (g,(t))n<n, gn : RT — &, be a family of function onto some Banach spaces &, and
€ (0,1) such that

2, an

V20, gu(0 <27, Vn 2 1, ga(0)] < 4"(57)

n2 n2\ o
Oullhall < n(llhall + nsall) + (5 + (57) ) (lnall + Fn—zl)

Then there exists a constant C independent of A such that
2

Vi > 1, |lgn(t)| < (CAeCf)”(%)%

Applying a second time the lemma, one obtain
n (1-8)n 1_5 n
[n] Ct n 2 nf M
> < — < .
vz 1 jelols (cac) (5) < car (L)
|

2.2. Effective equation for initial data stable by translation. In the classical setting, the Lenard-
Balescu equation is a correction of the Vlasov dynamics in the case of uniformly distributed (in z) initial
data. We have to precise the meaning in the quantum case.

Definition 2.1. We define for z € T, the translation operator 7, : §¥ — HY by

VQ/} € *6%’ (Tzw)(‘rla e 7IN) = 1/)(I1 +2,00 TN +Z)
A density matrix FV € £Y(HY) is said invariant by translation if it commutes with all the translation
operators. We denote L}(HY) C L1(HY) the set of operator invariant by translation.
We can write this property for density matrix in the X variable: denoting FN(x1, - ,xn,91, - ,yn) its
kernel, Fly is invariant by translation if

VZGTL, FN(.’E1+Z7 7:EN+Z7y1+Za"' 7yN+Z) :FN(‘Tla"' s TN, Y1, 7Z/N)
This property can also be defined in the Fourier Variable: Denote Zj, := (%“Z)d), and for (k;ny,liny) € 73

Fn (kg Uwy) - / Fx (v, ypvy) e R emiH i vinD) dg gy dy ).
Then F¥ is invariant by translation if and only if

N

Note that if Fiy is invariant by translation, then for any w C [N], tr,, F is also invariant by translation.
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As the Hamiltonian of the system commutes with all the translation, FV(¢) remains invariant by transla-
tion if the initial data is. In addition the function z + fi¥(¢,x,2) is constant and so the effective potential
has no effect.

We can now compute the equations verified by fiV.

-1
trl[VLg,GE\Qf]].

. -1 2
(2.7) i PP = [~ A FU) + N tr1[Vio, Fiol) = [ A, T +

using that for denoting H(™ (X,,,Y,,) the kernel of H™ € £1($7}), for F' € £'($);) invariant by translation,
and V has spherical symmetry, F(z,y) = F(x — y) for some F' and

tr1[Vi 2, F @ Fl(z,y) = /(V(a: —2) = V(y—2)F(z —y)F(z — 2)dz = 0.
To compute the equation verified by Gg\%) (t), we begin by derivating F 1(\,2 ). We denote

2
trio[Vi,s + Vas, FJ[{?]]

O F <[ (A — Ag) + %Vl,z, FJ1+ Al
=[5 (~A1 - A9) + ivl 2, Gm] + P B Ay FP + [ B AL PR
%[V FUEP + N = (trm[Vz 5, G + tro[Vis, G 2}F{3}})
+ NN (P trs Vo, PP ERY + G 4ty (i, PO R 4+ G0 | P
+ %(thz[‘@,& G}{\}73}F]£[2}] + tri2[Vi 3, G}{VQ’?)}FE}] +tria[Vis + Va3, G}{\}’Q’g}])-

Using that tri2[V2 3, GS\Q,)(IZ)FJ(\,D(S)] and tria[V4 3, GE\Q,)(IZ)F](VD(?))] vanish, (in the same way that )

) 1,2 2 1 1,2 1 1} {2 N -2
oG = |5 (=01 = Ao) + Vi, G2 | + £ Vi FRPER | + == (2 [Vas, o157

%(Fﬁ} tro |:V72’3, G}{\?“g}} +try {‘/1,37 G}{Vl’s}} F}EIZ})-

Consider a family of initial data F' € £1($Y) invariant by translation and such that the associated

families (GK,L] (t))n<n vanish at time 0. Then for £ < gﬁ'ﬁi, FJ[\}] and Gg\z,] verify

Tir [‘/2737 G}{\;’S}FJ(VQ)} +trip [V1,3+V2,3, G%’Q’:S}}) -

(2.8) ihNOFY) = try [Vio, NGRI] + Op1 (N71P) |
(2.9) ONGE = [12(~21 = 82), NG + trp ([Vio, VG| + (Vo PP G )
+ Via, FIFP + 0 (Ni‘lffm) .

We define F% : Rt — £1(H,) and GX : RT — £1(H2) the solutions of the equation
Fl = F§(t=0)=FN0), G§ =0,
th@tFN = tI‘l [VLQ, GN]’
im0GE = 5 (=1 = 82), Gk + trgy ([Via, Py DGR B9 + [V, Py P 001])
+ [Vl,2a FOLFOL}

(2.10)

From a straight forward application Proposition and Gronwall Lemma, we obtain

Blog N
Proposition 2.3. For { < V=’
(2.11) linNoW(F(t) - FR 0)] + Gk (1) - NG 1)) < 0 (N752).

2.3. The Larg Box limit. In this section we want to look at the limit L — oo.
We begin by writing the equation (2.10) in the Fourier variables. As the matrix F& and G% are invariant
by translation,

FE(ky, 1) = 0if ky # 1, GY(ky, ko, 1y, 1o) = 0if ky + kg # 1y + Iy
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We introduce

L
(212) V'Ul S ZL/h, fN,L(t; Ul) = WFEEN(L %, _%),
L2d AL )
(2.13) gN)L(t,’Uh’UQ,k’) = WGN(t’%7%)%+k’%_k).

Using that 3 L and C;% are moreover Hermitian and positive, one have
(2.14) fN,L(ta 1}1) S R+, gN,L(t, V1, Vg, k‘) = gN7L(t,U1 + hk‘, Vo — hk‘, —k‘)

With the change of unknown, the initial data becomes

(2.15) Vo1 € Zrn, foL(vi) = ZiLfO(Ul)~

|v]?

Proposition 2.4. Denoting for any function Aph(v) = h(v) — h(v — hk), and E(v) := 5,

A

. 21h)4
ANiO fN,(v1) = —2 ( LQd) Z V(k)(gn,L(v1,v2, k) — gn,z(v1 + Rk, v2 — Rk, —k)),
k€ZL,v2€ZLL/n

hogn. 1 (t) +i(Ky + BX)gn 1 (t) = i A"
AL(Ul, V2, k') = ]A}(k)(f(),[/(vl)fO’L(UQ) — fO,L(Ul + hk)fO,L(UQ _ hkﬁ))

where Ky is the kinetic part, an unbounded multiplicative operator
(2.17) Ksg(vi, v, k) := (A_kE(’U1) + AkE(vg))g(vl,vg, k)

and B is a bounded operator on (note that it is even compact)

(2.16)

N 2@ N om)d -
(2.18) B g(v1,v2,k) := V(k) (Akfo,L(m)(hdL)d > 9(017027/f)-f—Akfo,L(vz)i(hdL)d > gl s, k))
V1€ZL R V2€ZL/n
Proof. We recall that
ihNO,F = tri[V1 2,GX],
zh&tGﬁ = [%(_Al _ A2)7G§:\l] + tr[2] (|:V173,F]{}’{1}Gf\}’{2"3}} + {‘/2’37};}67{2}0#{1,3}}) + [VLQ’FOLFOL]'

As the computation of 9, ff and 9,g% are similar, we will only compute the first one.
We set ¥ := [V} 2, GL].

U, y) = / V(- 2) — V(= — )] Gk (&, 2.y, 2) dz

= % [ei(k(mfz)MIIH"’Z*ply*pzz) — ei(k(ny)HleZZ*ply*mz)} f}(k)éij(fh l3,p1,q2)dz
k,L1,£2,p1,p2€ZLL
1 ) ~ . ~ ~
- W Z |:6Z((k+£1)m7ply)GLN(€15 627p17€2 - k) - 61(2117(k+p1)y)G%(€17gQaplapl + k):| V(k)

kl1,02,p1€EZL,
1 R . N
=+ > [G]Lv(el — K la,p1, by — k) — GX (€, Lo, p1 — K, lo + k;)} V(k)elthre—ry),
kl1,02,p1€EZL,
We deduce that

~ 1 ~ ~ ~
UCRARE="IDS [G]Lv(el Nkl — kb, ls) — CE (01, b, 6 + K, o — k)} V(k)
k.62€Zr
This gives the evolution on fy 1. O

We define the couple (fy,gn) on R? and R3? as the solution of the equation

4 .
(27)d S / dk dvaV(k)gn (v1,v2, k),

(2.19) hdrgn (t) +i(Ka + B)gn(t) = iA

In(t=0)=®g, gn(t=0)=0

ﬁNath(’Ul) = —
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where we denote
(2.20) A(vy,v9, k) = ]}(k)(f(](v1)f(](02) — fo(v1 + hk) fo(ve — RE))

(221) Bh(vl,vz,k) = ]A/(k) (A_kfo(kl)/dﬁlh(ﬂl,vg7k) +Akf0(1)2)/d1~)1h(1}1,1~)2,k)>

We want to compare the (fn.1(t),gn.1(t)) with (fx(t),gn(t)). The space £1($1) and L£}($H2) can be

injected respectively in £} (Zp,) and 6;°(Z, 0y, ., (Z%/h)) (see Section 1.5 of [Goll3]):
(27h)? (27h)%d .
7d Y @) <IFlg (5, and SUp g > o ve k) < IGller s2)-
V1€ZL /R €5 v1,02€ZL /n

We want to find two Banach spaces, E containing both L! (R?) and the ¢} (Z ;) for any L, and E»
containing both L(LL , (R3?)) and the (5°(Zy, £} (ZzL/h) for any L. For E; we take the set of bounded

V1,02 V1,V2

radon measure on R? with total variation norm, with injection

feL'RY) — f(uv)dvy, f&ell(Zg)— (227?(1 > )6,

v1€ZLL /R

For E5 we consider the space of Radon measure A on R3¢ such that the norm

. 1 7.
l9llz, == :;H@ m”g(vh V2, k)”TV((Bk(S))kXRgl xRZ,)
e>0
is finite, with the injection
g€ LEO(L}}WQ) — g(k,v1,ve)dkdvy dos,
(2)3dp2d

g e, L, 7)) » S

V1,V2

QL(Uh V2, k)é’ul,’uz,k'
v1,V2€ZL /p
kEZr
Denoting, for h(vy,vs, k) a radon measure on R3?, (here the brackets designate the duality product)
<h(1}1, V2, k)>v1 : (1}27 k) — <h(1}1,’l}27 k’), 1v1>vl .

One can now extend the operator B and BY on E? by
BEh(v1,v2, k) = V(k) (AkaL(vl) (h(B1,v2, k), + A fi (v2) (h(v1, B2, k)) g, )
Bh(vl, Va2, k) = ]}(k) (Akfo(”l}l) <h(”l~}1, Va2, ]C)>v~1 + Akfo(’l)g) <h(’U1, ’62, k>>v~2 >

Proposition 2.5. Fiz an initial data fo with ||(v)4THV) follpe < o0 .
For any parameter N, h and L,

) T foll e srvte

L/h '
Proof. We begin by the following lemma which can be directly deduced from the definition of the operator
B and B~.

N0y (fnr — fn)llrv S Cllglle, <

Lemma 2.6. The operator B and B* are bounded in L(Ey), with the following bound
4 4

1B < GoyalVlle= oy, 1B¥] < sgVla= 155 v,
4 N
|B - BY|| < Wllvllm 1fo— f&llzv-

We have
O(gn,L — gn) +iKa(gn,L — gn) = —iB" (g, — g1) — i(B — BY)gn +i(A — A").

Using that iK; is the generator of an unitary group on E, and that || f||7v = || fX|l7v = 1 (we begin with
two probability measure),

|A — AX|| g, < 4|V~ |fo — fElzv,
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we have by a Gronwall lemma

lgn,c(t) = g Ol < |l fo — fy'llrv exp (W) '

Because V verifies Assumption [2]

4|V|| 1t
N0 (fne = fn)lev S llglles S [lfo — 5 llrv exp < (||27T)|dLh > '

We need to || fo — f&|lrv, We can decompose Z, as

Zp=1+ (22{3) 3 (fo(v) —/[_1 .

vEZL/n 272

folv+ L%E)df)

] d
hence

27h)4
SRS

UEZL/h

Jolv) —/[ folv+ %w)dw

2rh)4
IR

VELL/h

Jo(v) = /[—é,é

< $ [{2) ™ (V) follze &) (V) follp
~ 1d L/h(v)yd+t ™ L/h '

folv+ E—fhw)dw

]d

’UEZL/h

O

2.4. Computation of the collision term. In this final section, we study the limit of the (fn,gn). The
first step is to apply dome Laplace transform in time

Proposition 2.7. For any smooth test function p € C°(RT x R?),
(2.22)

N/OOO <ath(TNt,”1)¢(t701)>vldt = /R ;7% <¢1(i7;cly) (T (h(i:za)’k’vl) -T (h(lrijva)’ —k,v{))>

IC,Ul

where $(a,v1) is the Laplace transform in time of ¢.

o(a,v1) == % /ODO et(1+ia)@(t,v1)dt
and
(2.23) T(w,k,vy) = (];;k;)d <((K2 + B) —w) " A(vy, vg, k‘)>u2

-1
Note that the preceding proposition is justified by the existence of the resolvent (K2 + B - %(z - a)) .

Proof. The proof is the same than Lemma 5.2 of [DSR21].
We recall that gy is solution of

howgn (t) +i(Ka + B)gn(t) = iA
gn(t=0)=0.
Using the Duhamel form of the evolution equation of gy, and that 6(t) = % [ e da,

oo . o) TNt ;
/O gn(Tnt)p(t)dt = %/O /0 e~ w Bt Aqt) o(t, vy) dt
‘ ~(

1oL —t2
T Rt B)t: 4~ 7% e ()0, 11y—rye dty dtodt

o ?i (R+)3

= // e (S TR 4o =Tt (i)t (1) ¢, dty dt da
27T7:LTN R (R+)3

L () a 2@ g,

“or Jo \ 7y 2 1 +ia



14 LE BIHAN, CORENTIN

Using the symmetry property of gy (¢, v1,ve, k), one has

Nouf(or) = = (D) (g {oa,va, k) — g (oh v =R)))

where v} := vy + hk and v} := vo — hk.
The result is obtain by the combination of the both identities.

Proposition 2.8. The function T'(w, k,v1) verifies the following boundness and convergence results: for

2
(2:24) IT(w, i, 01) = T(w, =k, v})| S V2(0)](0)2(V)? foll 3 log (1 T :2::) ,
2.25) i T(w, k,v1) = T(w, —k,v1) _ V2(k) ((fo(vh) fo(v]) — fo(v1) fo(v2))0n, B(va)+A_kB(w1) )y,
. sfi%bew\ 2w - (2m)|& (k,i0 — A E(v1)) |2 ’

Proof. We decompose (Ky + B) = L1 + Lo, where Lq,Ls are defined by

(2.26) Lih(v1,v2,k) == A_E(v1)h(vi,v2, k) + V() A_p fo(v1) (h(B1,v2, k)7,
(2.27) Lgh(vl, V2, k‘) = A}gE(’U2)h('U1a V2, k') + f}(k)Aka(U2) <h(1}1, g, k))fcz .

The operators L; and Lo are easier to study than K5 + B. We have
1 w w
(2.28) (24 BY) =) = o [Lat - 5) M La—p - 5) a8
211 2 2

The resolvant Ly and Ly are given by

et h _V(k) A_ifolwn) h

(2.29) (L1 —w)"h A_E(w) —w E(—k,w) A_LE(v1) — w <A—kE(171) —W>51
L h _V(k) Agfo(va) h

(2.30) (L2 —w)™ h= ALE(v) —w  E(k,w) ApE(vg) — w <AkE(732) w>

where the (modified) dielectric constant £ is defined by

Arfo(k) folk.) = folv. = Hk)

AkE(v*)w>v*:1+V() hk - (v, — ) —w .

(2.31) E(k,w) =1+ V(k )<

First we give an estimation of &

Lemma 2.9. There exists a constant C' > 0 such that if fy satifies the bound |V 1 ||(v)2H(V)2 fol| L < 1/C,
the function w — £(k,w) is holomorphic on {w, Sw # 0} and there exist a constant n € (0,1) independent
of w such that |E(k,w)| > n. In addition,

v)24(V)?2 o [|Sw|,
(2.32) 1 Ekw)| < I >2d< >2f0||L /| I. e
{0} (V)" foll o= /| Rw] 3 [Rew| > 4R7[K|*.
Proof. We denote w := hgfﬁ‘z,,
G fo(v* - /fo vs k(5 + &) = fo(ou + hk(=5 +@))
hk - (v hk) hk - v, —iSw *
Hence we can decompose it in real and imaginary parts
_ 1/2
5 fo(v*) fol(v* / / - Tik) hk Vf (v*+hk2(s+w)) do ds
— _ 1/2
%/dv fo(v*) hk) / /\swhk’ Vf U*—l—hk(s—i—w))dv*
hk - (v 1/2 hk - v.)? + (Sw)?
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We only need to bound the real part of € to get a bound by below. Decomposing v, in orthogonally as
Vs := v +v1, where v, - k =0, and denoting 0, := R (s + @) k, we get for any constant a > 0

. _ 1/2 5
fo(vs) fq(v* ) q. </ / BRIV F e+ 3] g g
hk - (ve — 5hk) —w 1/2 J|hk-va|>a a

1/2
/1/2 /hk UH|<a

< (M ) 10 ol

a

R

hoy - khk - (Vf (o) + v+ 0) = Vf (=) + v +0))
(k- UH)Q - Gw)? dv,ds

Choosing a = h|k|, for some contant ¢ > 0,
&k, w)| = 1= cl[(0)*X(V)? foll L= > 0.
The bound with respect to |Sw| ™! is direct. We suppose now that Rw > 4A2|k|. Then @, - k is bigger than

Rw_
Zhlk] "
fo(v) = folwe = k) o | _ [** / BR[|V E (0 0] o
il * ¥
hk - (ve — 5hk) —w —1/2 J|hk-v.|> B Rw/4
+/1/2 / hoy - khk- (VS (o) fvo +8) =V (Coptor +8))|
1/2 J |k | < B2 (hk - v))? + (Sw)? Ny
+/1/2 Swhk - (Vf (v +ve +8s) + Vf (—v + oL +0s)) o ds
1/2 J |-y < B (hk - v)))? + (Sw)? "
[(v)*(V)? fol Lo
< 1) WAV Jollze
< (blk] +1) 1
where we use the estimation
1 1 hk|

<
L+ oy +or 4+ 06028~ (14 oy + 05|41+ Jvr|?) ~ Rl + |vp]d)’

/ hlk|Swdz
w (BlK[2)2 + (Sw)2 "

We conclude using that V(k) = O((k)~1).
Fix § € R and w € C\ R. We introduce now the application

B(vr,k, 8) := <(L2 8- (L-s-2)" A(vl,w,k)>v2 :

and we want to compute the limit as w — 0 with Sw > |Rw| of 271” fR (v1,k)dB. For vz € RY, we denote

vh = wv3 + hk

(233) B(vhkvﬁ) = é(k} w
’ 2

N —V(k)? A_ifo(v) Jo(vs) fo(va) = fo(v5)fo(vh)
E(k, 8 —B)E(—k, %+ B) AkE(w) —B—% \ (A_xE(ks) — B— %) (ApE(v2) + 8 — %)

Using the identities
fo(v1) fo(v2) — fo(v1) fo(v) = fo(vi)Arfo(vz) + A_k fo(vr) fo(vy)

D) < N EA(SQJ;Of?_ : > =&k - p) 1

the first line of becomes
Ekg -8 -1 folw) . V() Ak folv1) < fo(vs) >
g(k’,%*,@) A,]C_E(’Ul)—ﬂ—E é(k,% 7[3) Aka('Ul)— —% AkE(’Ug)'f-ﬁ—% vs

2
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and the second line % times

1-(k2-9) foles) e
(artn252) *5ms )

kg + B) < fo(vh) >
(k.5 +8) \AE(v2) + 5 -5/,

Hence B(v1, k, 8) can be decompose into 3 peaces

_é(kg-8)-1 fo(ul)
ek, 2 —B) A_Ew)-B-%

V(k)A g fo(v1) < fo(vs) >
E(k,§ +B8) (ArBw) = - %) \AkE(ws) =B -5/,

_: V(E)A_kfo(v1) < fo(vy) > _< fo(vy) >
S (AkBn) = B-%)E (kg —B)E(—k g +58) \\AeE(v) + 85/, \AcE(2)+8+5/,

Note that that for any function g, Apg(v1 — hk) = —A_kg(v1) and that &(k, &) = £(k,w). The function
B & (k:, g - ﬁ) s holomorphic and bounded (thanks to Proposition in the half plane {5 € C, S <
3%}, In the same way 3 — & (fk:, 7+ [3)71 is holomorphic in {8 € C,3, I3 > —3%}. Using the residue
Theorem, for any R > max(Sw, 4h?|k|?) large enough,

dg fo(v )(E(k w—A_;E(vn)) -1)
B k,U 5 —_— —
/R 1k, 0 B oir = &(k,w — A_LE(v1))
d
+/ Bk, v1,8) 2
|—00,— R]U[— R, (= 141) RJU[(—1+4) R, (1+4) R]U[(1+4) R, RU[ R,00] 2im

Using the estimation of Proposition the remaining integral is of order O(R™1!), and vanishes as R — oco.
We can conclude that

. , o dB 1 ~ 1
13;”/ (Bl““’““m‘BI(‘k’”1’5>)m‘f[’(“”(é(k,z’oA_kE@m é(k,iOAkEwa)))

_ 2ifo(v1) N <1 L V() < Awf (v2) > )
E(k, +i0 — A_LE(v1))? (2m)? \ hk - (va —v1 — hk) +i0/

_ 2miV(k) fo(v1)
E(k, 410 — A_xE(v1))

7 (kS (02)02m w01 )),,-

In the last line, we used the Sokhotskii-Plemelj formula

1
& 4 .
\sk'<v2_vl)-‘r20 Ok (v2—v)

In the same way, Bz (v1, k, 3) is holomorphic on the half plane {# € C, 33 < 3%}

d
i [ (Bakiof, 8) — Bal—b—1.8)) 51 =
Sw>|Rw|
We treat now Bs. Note that Bs(k,v1, 8)) — Bs(k, v}, —5) is equal to
V(k) A_pfo(v1) A_i fo(v1)
(ks —B)E(—k, 5 +5) \ArB(1) - B—5 E(w)-f+%

N
<<AkE o vj B+ > <AkE(1{z§vﬂ%)ﬁ -5 >>
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Using Lemma [2.9] we obtain the following bound

(metidors), - (mmios).

1
2mi

foloh) ]
= <|<AkE<v2> T B)? +w2/4>

< CllWY (V)2 fol o= log (1 + ff‘”:)

[ Bston.h.5) = Batet, —) dﬁ]scv<k>n<v>< >fo||m1g(1+f”:)

Using the Sokhotskii-Plemelj formula,

. 1

& ilig)e 27”,/(63('01,]{3,6)_83(1/17_1{77 _6)) dﬂ

Sw> [Rw

2miV(k)A - fo(vn)
= Fh 0~ A B P 002 T Fmeara e ),
Finally,
. -1 -1 ro

E;IL% <(K2 +B— w) A(’Ul,’l}g,k)> - <(K2 + B — w) A(vy,vg, k)>

Sw> | Rw| v2 Vg

B 2miV(k)
ek, i0 — Ay E(v1))

E ((fo(v3) fo(v1) = fo(v1) fo(v2))da, B(e)+A_xB(o1)),, -

and is uniformly bounded by CV(k)||f]|?.

We can now conclude the proof of Theorem [4}
First we have the identity

(5 v2 —k V1 / /
QhulN) = g <h(()k AR |;<fo<v2>fo<v1>—fo<v1>fo<v2>>>

’Ug,k

Using dominated convergence theorem,

P(a,v1)
1+ia

N [Toutoetond [ do (G umen)

U1

oo
— [ (eten@lsme),,
0
One can now use the estimation of Propositions and For ¢ : R x R a smooth test function
with compact support in time in [0,7%], and 7n = (log N)!~® for some « € (0, 1),

> (2m)
0 Ld

N ™ (k) D FL (vt e )t — N / (O (it o1 ) (t, 00} dt
0

kEZr

=0 (||N3t(F1{f - FN,L)HL"O([O,T*],L1)> + O (INO(fn — fn.L)llL=(o,1.],E1))

-0 <N1/4 4 exp (CT*ETN))

L/h

for some constant C'. Fixing L = N7 for any v > 0, the preceding expression converges to 0.

3. CAUCHY THEORY OF THE QUANTUM LENARD-BALESCU EQUATION

The next part is dedicated to the proof of Theorem [2] The proof is based on the work of Duerinckx and
Winter [DW23], based on [Guo02].



18 LE BIHAN, CORENTIN

3.1. Bound of the dielectric constant ¢, (F,k,v1). We begin by bounding the dielectric constant ep.
The bounds are similar to the one of gy provided in [DW23].

Proposition 3.1. We fiz the dimension d > 2. For any V satisfying Assumption [3,
(1) Non-degenerency at the Maxwellian: For all k,v € R% and w € C with Sw > 0,

) leo(M, k,v)| ~ 1.
(2) Stability at fix h: for ® = M +/Mf and ® = M + /M f,5, €]0,1/2],
) en(@.kv) = en(@ ko)l S £ - F -

(3.1

(3.2

(3) Limit when h — 0: for ® =M + VM,
(33) |Eh(q)’kav) —50((1),]{57’0)| Sh||f||2
(4) Boundedness: For (r,q) € N2,

k)" (v)"
(3.4) ViVien(@ k)] S ¢ T,ﬂ“ (14 171t

Proof. Step 1. The proof of has been performed in Lemma 2.1 of [DW23].

Step 2. Proof of . Setting k := \%I’

i - D (v, hk k- D (v, hk
en(®,k,v) = 1+ V(k /ds/ VO +5hk) 4y D / / Ve (v, = shk) g,
k- (v—wv, —hk)—i0 (v—v,)—1i0

As ep(-, k,v) is an affine operator, one can fix f=o.
Using Sobolev’s inequalities, we deduce for any s € [1, 2]

/E-V(\/Mf)(v*shk)d /EV(\/Mf)(v*shk)

= - dv,
k- (v—uv,)—1i0 k- (v—uv,)—1i0

<

*

H(Rk)

Splitting the integral over v, €< k>@®<k >+, and applying the usual bound on the Hilbert transform
and trace operator,

/ k- V(VMF)(v, — shk)

_ <
k.(v_v*)_io N||fH2

H(Rk)

av.| < H/l%-wmf)(vhodvl

Step 3. Proof of (3)). We have
_ — F(v,
en(®, k,v) — eo(P, k,v) / ds/ k- V shk) (v.)] do,.

U—v*)—iO

Using the same estimation as Step 2,

(@, K, 0) — 20(®, k)| SIV()] /12 ds [[(0) (W) [(M o+ VAL F) (- = stk) = (M + VDT ]|
SEA+(1l2) -

Step 4. Proof of [3.4 We begin by the derivative in v:

k - quq) — Vs hk
Vien(®,k,v) / / (v UO u )dv*.
Cv. — 4

Hence, without lost of generality, we can suppose that ¢ = 0.
We apply the Leibniz formula to
o k- VIi®(v — v, — shk)
F k- v, —i0

Forri+r=r

Vitk VI ®(v — v, — shk) = (—sh)" k- VT T O (v — v, — shk) + (—sh)" VT ®(v — v, — shk)
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We denote vl := (/Af v, )k

Tzr |k®(T2 r3) R4 ( J-)®T3
Vi—m E ym Vs
kv, — = < ) |k|r2—s (k- v, —i0)rstl
k
ra! ro\ (=)™ [, 1 O :
— E L®r3 . s | ®r2=Ts svm 1\®rs
k| = (rg) (ro —r3)! { Vo kv, — ZO] Doy (02
r3=—

Using integration by part, one can transfer the r3 derivative in v, into F.

1 (vh)®rsVatritrsd(y — v, — shk)
T3 ®r3v7q+r1 _ — *
/Vv* Pa— (vF)ETs VI B (v — shk) dw, / o —i0 do,
- . q+r1+rz+2
=0 (s + @ (1+(v-3) )
This conclude the proof. (Il

We deduce from the preceding lemma the following bound

Corollary 3.2. There exist two constants Cy and hg > 0 such that for any h < kg and || f]|s < Co, we have
len(®, k,v)| =~ 1.

3.2. The discrete difference norm. In order to control the linearized collision operator Ly, we need to
introduce an adapted norm, which looks like a Sobolev norm with wait.

Definition 3.1. We introduce Hp, the Hilbert space of norm || ||

Cq 51€ 2 1—hk
35 ol =% [ [0 w gt (VAR - )| P ettt g,
In the same way, we introduce for & = 0 the space Hy with norm
(36) ||g||g = /Vgl (/B(’Ul,vg)Mgdvg> Vgl dl}l + /9101 (/B(U1,U2)M2d?]2> glv1d’01

V(k)|2k @ k
‘SO(M k’ ’U1)‘2

(3.7) B(vi,v9) := B(M,vy,v3) = O (v —vs) dE.

Proposition 3.3. We fix the dimension d > 2.
There exists fig > 0 such that i € (0,h), a € (0,1/2] and g a test function,

1 V2(k (v )2 _
(39 g [ =) T ko 01~ Yol
where the constant are independent of h.

Remark 3.1. It has been proved in [DW23| that

_3 2 _1 ® 2 _1 2
(3.9) W Ve + [t (10 - 158) Vo) +[|w) 2 gw)
Proof. Step 1. We want to prove the upper bound
1 o

(3.10) ﬁ/gf (M = M3™)* V(k) 2k 0y 0, -y dldvadon S [[(0) =2

First

Ie% @ ]} 6 1— C]}Q k _ i _ " 2
/g% (M2 —MQ/ )2 ( ) k}(;;z vy —hk) dkdvy dvy = /912 h2|]i|) (6 a(vy-k+hk)? _ema(n k)z) dkedoy

We introduce the change of variable k — (||, z,0) € RT x [0,1] x S¢~1, defined by

(3.11) k:|k|(\/1—xa—|—xlv‘>,|a|=1,a-v1:0.

The Jacobian of this transformation is

dk = |k|" " (1 —2%) % d|k|dzdo.
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[

2

/ |k| </ 20k (|v1|x + shlk|) exp (— (|'U1|9€+shk|)2)ds> k41 — 22) 2" d|k|da
0

h2a3/2
h? 2/ /v2 |k|d/ exp (—a(|v1|z + shlk|)?) dzd|k|ds < O o™
_ < v >

( —a(vy -k+hk)? —e a(vl-k)2)2 dk
(k)

| /\

Step 2. We treat the lower bound
1 a2 ¢ _ _
(3.12) ﬁ/gf (M2 = M5™) " V (k)26 (i, —0y iy Ak dva 2 [[[v](v) 722g]|> — CR?|[(v) /24|

We can restrict our self to the ball {k € R?, |k| < 1}.

2

Lt > a2 1/2 2 |k| > hEl?
/ (/ (|v1|x+sn|k|)eOf(lvllmhlkD) (-2 ez [ (|’U1x|2—> e (el k) g,
-1 \Jo ~1/2 4

|U1| /22:; Sy -0 <<Ul>) = ivJ§;| © <|12L217§2> '

Step 3. We treat the "differential part" of the norm.

which conclude the proof.

2 \92(k) (“1 k)

2 N C
= / (91 — 94)° V2(K)Os (0 —vs iy My dk dvg dvy = 72 / (91— 1) We d/fdvl

We begin by cutting the large k& and v;.

/f}z(k)]].k>de‘ = O((l + K)is)

f/z(k') ( / a_3 2, 2 < 1 a2
- dk=C [ (1-27) 7% el gy zlvl
/ ] eXp( |k|2 ) e flvll Valur|©

h2
= + 0 if |v >—\/ log h
\/5|v1| (|'Ul‘2) ‘1| | g |

V2(k) a (v - k)? C [ kA2 C
Z B A7 S R | 7 ——
K eXp( i wewdh s o | e <

We deduce that

1 7\2 1)2(]{7> —2a(v;-k)?
hd+1/(l‘k|3m13gn| o1 i) (01— ) N ) aka

1 2 V2(k) _(n1h)? _
<C (hdH [ (=g e U ko + 1) g )
Suppose now that |vi| < Cv/|logh, |k| < m. We define k1, ko by

k= ‘k| (\/»i%)( 1—o¢xa—|—fx‘vll)

Note that for o € (0,1/2), the ratio % and % are inside some segment [C~!, C], with C' independent of

h. Hence the Jacobians of k +— ki and k — ko have upper and lower bounds. We deduce that

i

alvy k)2 9 _ (v1-%1)?
2

(9(v1 + hk) = g(v1))?e” 7~ < 2(g(v1 + k1) — g(v1))%e
+2C0(g(vy + hk) — g(vy + hky))%e

_ ((w1tnky)-kg)?
P
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_(v1k1)? 1)2

Using Assumption [2] we deduce that
V2(k) _ el k> V2(k
J o= S e dbdo 5 (0 = gtor k) S e 5 ko,
[v1|<4/[log Al '
\ )2 (U )2
2V (k‘g)e ( Rl k2) dkdu,

+ [ oo+ k) = gon = k) 5

\ )2 v1 )2
</(gl—g;)2 V|,§k) ~5 Qkdo,

Step 4. We prove the integrability near 0:
[ seran e [, ot b —ge)n s [, ot )
|lv1]<1

|lv1|<1

Using the convex inequality, one can bound f\vll <1 9(v1)?dvr by

L (n+ 1)k> g (Ul + Lhnljk))2 doydk + C|lJol(v)~*g]*

% o o5

lvi|<1

(5 (0 + py) — glon)”
dvy dk + C||v](v)~3/2g)?

<C
- 2<|k|<3 —1|—2
|v1|<14-3h I-h -J
V2(k) 1 o1 B)2 _
ot Een e k)l

where we use the change of variable k — %k and that 2 < |k|] < 3, |1n1] < 4

Hence 9
— )V V2(k .
oy 2gl 5 [ I E bR o, + el to) 201
Step 5. Conclusion
Using Step 1,
1 V2(k) _ 2 _
91 % 55 [ (o = ah)? EoPhem2ee b dkaon + (o) %],

Using Steps 2, 3 and 4,
1 2 VAK) _oauniy? -
2 [ (o= ot Te 0 dkan, + )~ gl 5

— CRZ|[ (o)1 2.

Proposition 3.4. There exists a constant C' such that for any test function g,
(3.13) 0<h <l =lgllw < Cllgll-

Proof. We recall that
1 V2(k) _ . 0)?
ol = i [ taton) — atwr + i E e ks + )21

Hence we only need to focus on the first terms.

2 (w1k)?
1% (k) _ k) kdoy

1 2
72 / (g(v1) — g(v1 + hk)) ]
)}

2 [(g(vl) —g(vy + ;ik:)) + (g(vl + gk) —g(vy + hk)) ] |]£k) k2 k) dkdv;

< @/ <g(v1) o +721k)> % (k) @2 o

ZB
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For q €]3,1],
1 2 1}2(16) AL _ q? 9 1}2((]16) (v 2)? dE
ﬁ/(g(vl) (v1 + hk)) %] e~ (v1-k) dkdv; _W/(g(vl)—g(vl + ghk)) okl e (vrk) ?dm
1 2 V2 (k)

—(vi-k)?
Stz | (9v1) = g(vr + ghk)) PR (v18)” Ak dw,
Finally we use that for any 0 < i < //, there exists a couple (r,q) € Nx]1/2,1] such that i = g2~ "F . O

3.3. Decomposition of the quadratic form [ gLg. We can decompose [ gLpg into three peaces:

/gﬁhg =& | (90V/3E + 92 /ME — g /0 QQW)Q V(|)(§; o ”;Ph’“) dkduy du,
(3.14) =2%/ [(91 )2 Ma + g2 (f— f) ] |€h£\’} “;1"’1)‘|jk) dkdvy dvs
(3.15) + % [(91 -91)g \/7<\ﬁ F)] |6h((§\k4(:;217v1)|5k) dkdvy dvy
(3.16) 2h2 / (glr gl\/ﬁé) (gzx/ﬁl—gé\/ﬁi) V(|6)ﬁ£\’}(z,”l)§k) dkdv; dus

One can identify (3.14) with ||g||?/2. The goal of this section is to study the remaining parts.
This decomposition will be necessary in the proof of Proposition which is the crucial step of the proof.
We need to introduce a cutoff function.

Definition 3.2. Fix ¢ : Ry — [0,1] an increasing function, with ¢(1) = 1, ¢(0) = 0 and ¢’ is supported in
[1/3,2/3]. We define pg (v) := (K|v]).

Proposition 3.5. We fix the dimension d > 2.
There exists a kernel KCr(v1,v2) such that

(3.17) /(92\/7 \/71) 6k (v2—v1 —ik) rdkdvg /Kh(vl,vg)g(m)dvg

|5h M, k,v1)|?

with the bound

C(1+ [0 + [v2]*) VM1 M,

lv1 — vg[?

(3.18) |Kr(v1,v2)] <
In addition, for almost all (v, va),
. v v
(319) lim ICh(’Ul,’UQ) = ’Co('l)l,’l)g) = Vl -1 ® VQ -2 : B(’Ul,’Ug) M1M2 .
h—0
Finally, one can cutoff the singularity at {v; = va}:
3.20) - VM — gy /M) (ha /M — W/ M VEY g1t ) /My dkd
(3.20) n2 (92 1792 1)(1 2y 2) len(M, K, v1) 2 V2

= / (ex (v1 — v2)Kn(v1,v2) — prc (01 — v2, 2542)) g(v2) dva + O (5 + RK*) lgllallhlls) -

where we denote

vty K¢/ (Ko — v2]) / k2| V|2 (k) dk
<

3.21 V1 — V2, .
( ) PK( 1 2 5 |Ul_v2|2 S |80(M,k,%)|2

Proof. For h € L2(<v11>) and g € L?(&

2 V (k)2 65 (1 —v,
%/hl\/ M2 (92\/M1 —gé\/M{) ( ) k( 2 hk) dk‘dvg

|€h(M7]€,’01)|2
— Ci N / ) 7 A( )25]6 ’Uz v1—hk)
hQ/(hm/M hl\/E) (gm/M1 g Ml) O e dkdesdo,

= / h1 92K (v, v2) dvg dvg

(v1) )
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where, denoting v{ := vy — hk and v} := vy + hk, we define

 [eaVR)? [ VMM (vy—vy—nk) /M M2 vy—uy)
]Ch(’l)l,’l)g) = hQ

|5h(M7k’v1)|2 - |€h(M7k7U/1/)|2
VMM by —vy) | VMM vy, 1) "
‘EH(MJC"Ul)'Q |€h(M>k’Ulll)|2 ’

Using that [V(k)| < C(1 + |k[)?+1, Proposition and that if k- (v; —vg) =0,

|’Ul _UQ‘Z ‘Ul +’U2|2
2 2

one can prove the trivial bound

|v1 — va)? N |v1 + vol? - |v1]2 + |vg|?

AL 2 _
o1 BkI? + 5 el b el

+ (v1 +va) -k + k2>

~/ M1 M.
|Kh(v1,v2)|5h 12

vy — vg|

Step 1. We split Kp(v1,v2) into two pieces :

(3.22) Kn=:K; + K7,
(3.23) K3 (v1,v2) 5:/ Cd|]>(k)|2 V M1y M50y vy vy k) Y My M0k (v, —v1)
RATD k> lcval B2 len(M, k,v1)|? len(M, k,v})|?
VMM b (=) N V My M3y vy — v, +hk) dk
|€ﬁ(M,k,'U1)|2 |Eh(M7k7v/1/)|2

Using that |V(k)|? < C(1 + |k])?*! and Proposition
4M M — —2 — —d-1 _ d—1 4M M
|ic;<v1,w>|sﬁ<(1+w) (R P

2|’U1 — 1)2‘ R h hd71 ~ |’U1 — 1)2‘3

In addition, we have that Kj (vi,v2) — 0 almost every where

Step 2. For k €< vy — vy >1 with |k| < %, we introduce

— _ 2 2 2 2
B = |0k| P |0k = o2 — ] <1_ L > L +0< il )
V1 — Vg

2h B "Ug — U1|2 - |’U1 — ’02‘ |’Ul — 1)2|

Note that k + dk lays in the sphere {k’, k' - (vo — v1 — hk’) = 0}. The Jacobian of the transformation
kv k' = k+ 0k is

2h|k|
v — v

Vo €[0,1/4], A(z) =1+ %2 + o(x?).

Ok (v —vy —hky AE = A < > Ok (v —vy) dE

Ax) = \/1%7,

We want to bound

s 2h|k ~ ~ s 2h|k
VIRIEW (G + S0PA () AIGmE  IYRE | VIR - SR ()

len(M, k + 6k, v1)|? len(M, k)2 len(M, k,v1)|? + len(M, k — 6k, v} + hok)|?
Note that as k- 0k = 0, one have

len(M, k — 8k, v/ + hok)[? = |en(M, k — 6k, o).

Using Proposition and [V(k)|? + [V (E))? + |[V"(K)|? = O((k)~=?=3), one can bound the derivative of
w(k7 Ul) = |£h(|x4‘,k(,kv)1)|2’
(k) (v1)*

2 < _\NYLANEL
|W(k',’l)1)‘ + |Vw(l<:,v1)| + |v ZE(kavl)| ~ |k|2(|k| + 1)d+5'
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Hence using the Taylor formula and that &k - 0k = 0,

2
w(k + 6k, v1)A (hlk|
[u1 — vg|

) —w(k,v1 = hk) — w(k,v1) + w(k — 6k, v1 — hk)A (27”“'>

[v1 — v2
()2 (01)? (10kI7 + Bkl | |5k] + 72 K]*)

= (0k — 6k)Okw(k,v1) + (hk — hk)Oy, w(k,v1) + O RR(1 + k)%

Using that k - (va —v1) =0,

(VIR ~ VIR) V3T T (VO VIT) k. AT, 5
len(M, k, vY)[? * len(M, k,v1)|? B |5h(MkU1)|2 (hzwz\/i)

-0 (h2|k\2\5/M1M2)

Integrating with respect to k, this gives the bound
C~/ M1 M.
(3.24) K2 (o, 0m)| < T2

T o=
Step 3. It sufficient to prove for almost all (vq,ve, k) the convergence of

VMMV? (k + M)A( 27k ) WV MMy V2(k) Y MMyVA(k) /M MV(k — k) A( 28|k )
len (M, k + 5k, v1)|? [v1 —ve] len (M, k,vi)|? len(M, k,v1)|? len(M, k — 6k, vy)|?

when A — 0. Then we can apply the previous estimation to apply the dominated convergence Theorem. The
convergence comes from a limited development, and the computation are similar than the one for a priori
estimations.

In order to identify the limit, we proceed by duality. Let g, f two smooth, compactly supported functions.

v —v2]

/ h192KCp(v1,v2) dvy dug

= 25 [ (m VL = h/385) (92/21 - 5/} VR biteamh) g gy

len(M, k,v1)|?
_ Cd " / V( ) 51@ (va—v1)
_ ﬁ/<h1\/M AT (1T g/ ) et g,

. V2 U1 V(k 5k vy —v1) /M
= —Cd/k . (Vhl + Ehl) (Vgg + 592) . ]{JW dkdUdel + O( )
V1 v\ [k® kV(k 26} (va—v1)
(7)o (5o ) [ I e ] a0
Step 4. We treat now the case of dimension 3. Using the same strategy than for ICp(v1,v2),

/(hnﬁ—h’ \ﬁ) (ggf 92\ﬁ) (o1 — vz)ﬁ(k)%b(wwﬁnk) dkdvydo,

|€ﬁ(M7 kvvl)‘Z

= /hlg2 (¢ (v1 — v2)Kn(v1,v2) dvy dv + K (v1,v2)) dvy dug
with

CdDA}(k)l M1M2
Ko m) = [ S (s o (01— va = 208) = s (0r = 1)l vt

< /MM, /M MT
(&

(O k)R Jen(M, k,v1)2> prelon v =R =l - U2)]6’“'(”“”> o

We recall that VFor = O(K*) and

p®2 v®2
Vi (v) = K¢/ (K|v|>| o Vien() = K "<Klvl>| z K (K) (Idm)
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o If k- (v2 — vy + k) = 0, we have |hk| < |v; — v2] and
vr (V1 — vy — 2Rk) — o (v1 — v2)
=2 (—hk - Vg (v1 — v2) + B?k®? : Vpk (v1 — v2)) + O ((RK|k|)?)

_ 2K¢/(K|’Ul - U2|) <—(U1 _ 02) . (ﬁk) + |hk|2 _ (hk i (Ul — UQ))2> _ 2K290”(K|’01 - ’[}2|)(ﬁ]€ ) (vl - ’02))2
v — g vy — va[?

lvg — v2]?
O ((hK|k))*)
2K (K|vy —va)BHE* 2K20" (K vy — vol )R k|*

lv1 — va? lv1 — va?

o If k- (va —v1) =0, we have
h2k®2
2

pr (v — vy — k) — i (v1 —va) = <hk Ve (vy —va) + :V3pg (v — UQ)) + O ((hK|k])%)

K¢ (K|v, — h2|k|?
_ 90( |2)1 _UQD | | +O((hK|kD3)
2|U1 ’l}2|

Integrating with respect to k, and using Proposition

v+ v N
IC;I;(/U17U2) = _pK(Ul — Vg, 1 5 2) _|_/O (hK3|V(k)|2|k‘3> (6k-(v27v1+hk) + 6k-(v27v1))dk
v+ 3
(3.25) = —px(v1 — va, — 5 2)+0 (hKlT*/T‘M?)

We use that
2

— |eo (M, k, 2fe2) *.

k- (v1 = v2) = 0= |eo(M, k,v1)[* = ‘1 +f2(k)/ k Izvlv—]\ﬁi)}*_) 10

This leads to the following estimation:

(3.26) / / B(o1)g(v2) (KX (01, v2) — o (01 — va)Kn (01, v2) + pic (01 — 3, 422)) oy dug

27 |k|2| V|2 (k) dk
- /hlglMl Mdul +0 ((£ + 5K |h|lallglln) -

|€0(M,k,1)1)‘2
Step 5.
1 ! V(k) 6]6 (’UQ v1— hk)
ﬁ/(gl My — g1y M. ) (gn 2V/ M1 — go\/ M, ) (1 =k (v1 —v2)) len (M, v, k)2 dkdvy dvg
< 1 / 7 2 5 2
S5 ‘ - (91 Mz — g1/ Mz) V()= 6k (va—v, — k) Ak dvg dvg
1  (hop)? G2\ 2 V(E)2 2
< ﬂ/ (gle T —gle 2 ) |(k) dkdvy = O (”gfﬂh) )
This conclude the proof. O

Proposition 3.6. We fix the dimension d > 2. There exists a kernel Kp(vy,vs) such that
(3.27)

Cd 6k (UQ v — hk) "
ﬁ/(gl — 911V M. (\/ Y 2) \€h (M, , 01)]2 dkdvydvy = /ICO(vl)g2(v1)dv1 + 0 (h||g||%)

where
” Cd ( ) 51{: (v2—wv1) 1
. = —V;- k@ k—F—r—2"2dkMsyd = .
(5:28) Folon) =5 ™ (/ S L kP 2 | O\ TR
Proof.
Cd I, (/3 — 5k (va—vy —hk)
(329> ﬁ (9 gl 9 ( Y4 2) |€h M 2 v1)|2 dkdwvydvy

len(M, k,v1)|?

C 6]6 V2 —V1— k}
:47;/ [(95—932)(M2—M2) (91— 91) (\/ — /M. ) ] ( ") Ak dvy doy
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Using the change of variable vy — vy — Rk,

(B-29 = / 2K (v1)doy + — /(9 —g1)? (V My — M/)Q ]}(k)%k.(vrvrhm dkdvy duy
h2 ! 2 len(M, k,vy)|?

(v1-k+hlk|])? (v1-kthlk]D? (v1-k+hlkD? (vq-E+2n[k])2

¢ Cd f)(k)2 e 2 —e 2 e~ 2 —e” p
Kn(vy) = / — dk
non) = oz | IR en (0L k)P [en (M, o1 — )P
Step 1. We denote
1 ei(m-légmknz - <«:1-fc+2hu«\>2 ef(vl-i-tﬁm)z B 67(7J1-f%+22>h,\k|)2
) k k h —
(8:30) @k ki h)i= o BN En (M, o, 01 — )P

Using a Taylor formula, and introducing w := vy - k,

/ ,ZC 2 —_ 1 w4 (s+s’
— :/ (w+ (s+ $)A A|) LT
(0,1]? |€h(M’k’wk)|2
+ / WA hED G len(M K, (w0 + s BRDR)Pe S dsds
0.12 |en(M, k, (w + s'h|k[) ) [*
One have V(k,w, h) € R? x R x (0, 00),
2 (w+sh|k])?
(3.31) |ww(k,w, k)| < / e” % ds
0
2 - k M k 2 w - w
(3.32)  w(k,w,0) = wi=l | wk VileoMkwh) 2 d [ —w e
leo(M, k, wk)|? leo(M, k, wk)|* dw \ |go(M, k, wk)|?
2 w S 2
(3.33) \w(k, w, k) — w(k,w,0)| < K1+ |k|)/ e s for k| < 1
0

This last estimate can be deduce from 2.9 and using the same method than before.
Using the change of variable k — (o, z, |k|) introduce in (3.11), we have

(3.34) Kr(vi) = cd|S |/V2 NEI® (1 —2?) 2 w(k, |vi|z, h)dzd|k|
We introduce

~ S d—3
(3.35) Ko(vy) = cd' |/v2 )k (1= 2?) 7 w(k, [vi]z,0)ded|k|.

We split the difference K (v1) — ICO(vl) into two part

calS*?| 2 d 2\ 45>
3.36 V(R (1—2%) * (w(k,|vi|z, h) — w(k, |vi|z,0)) ded|k
(3.36) VG SR (k)1 ( ) (@(k, |vi]z, h) — w(k, [vi|2,0)) dzd|k|
(3.37) + calS 7| V2(k)|k|? (1~ gﬂ% (w(k, |v1|z, h) — @ (k, |vi]x,0)) ded|k|
A2 Jikl<|n -

We get the following bound: using (3.31)),

B39 < //m I (k) ke~ =54 aralias
>\h

z]vq])? h
s v <k>|k|dd|k|/e‘ g
|k|>|h|71 R <'U1 >

and using (3.33)

(z]vy | +shlkD?

2
N h
BID<h [ [V e S dodlkls 5
0

U1 >

The second line is obtained using (3.33). This gives the approximation results

(338) ICh(vl) = K()(Ul) + O(%)
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In order to bound Ko(v1), we split it into two parts:

¢ calS*?| 2 4 52 d
(3.39) Ko(v1) = 1—2%) > —1)V(k)k|°o(k,|v1|z,0)dzd|k]
R vl I (S 1
(3.40) S| V2(k) k| e (k, |01z, 0) da:d|k|
421 i< R
Using that for [z < 1, (1 — (1 —2?)@=%/2) <22, and Inequality (3.31),
~ da—3 112
339 < / B2 k[ ta2e 4 dp d|k|+/ D)2k (1—2?) T — 1% dad|k|
% |z<3
< 1 .
~ o<y >3
Using the equality (3.32)),
lvg |2
calS?2| g [P d —w w2 e 4
(3-40) = [V(k)|°|k]| — | ——————e72 dedk =0
V2 Jikl<1/n —1 dw \ |eg(M, k, wk)|? R (v1)

We deduce that Ko(v1) = O(7-13).

Step 2. We treat now the remaining part
/ ( o — \/7> )% 0k (03 —v1 — k) i dvy o,
h2|ah(M k,v1)]?
1 v -k s 2 ~
5/ Jtor = gipe S w2 dhdvn as

(o sl vy hsnlih? V(k
/ / /gle LB D) dvldkder/ / /91791)2 -kt VR g,
' K< hlk|
>3 IE

§ﬁ||9||h~

Step 3. We need to identify the limit. For g a smooth test function with compact support,

N V (k)25 (0 —v — ik
2K _ / 2 _ g (My — M/, (v2—v1 —Fik)
/91 (v1)doy e (91 — gr) (M2 2) BRI dkdvg dvy

Cd 12 ’ f}(kj)Qdk (va—w1)
B — Mo — MLy —~ 127 71
4h2 (g gl)( 2 2) |Eh(M k U1)|2 dkd'UQd’Ul
V(k)26
d 2 k-(va—v1)
=— [ k-Vg°k - -voMy———""2""2dkdvsdv; + O
1 91 2 2|0(Nkvl)\2 2 dvy (h)

Cd 2 - ( ) 5](7‘(112—’[11)
=— — d k®k—F—————+dkMsd . d h
o) <</ N leo(M, k,v1)[? 2oz oo | do O

This conclude the proof.

27

O

3.4. Dissipation estimates. We denoteswy = VM, (w;)ief1,q) = (v-€;vV M) (where (e;); is an orthogonal

2
bases of R%) and wq;1 := |”\|/%d VM. We introduce 7y the L2-orthonormal on < wg, -+ ,wgy1 >,
d+1
molgl = 3 ( / wig) w,
i=0

Proposition 3.7. We fix the dimension d > 4.

There exists a constant C' > 0 independant of h and a hg > 0 such that for any h < hy, g € Hp, we have

the lower bound

(3.41) C/gﬁng > |[mogll-
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Proof. We proceed by contradiction. Suppose that there exists a decreasing sequence f,, — 0 and a sequence
(gn)n such that mog, = 0, ||gnlln, =1 and [ g,Ln,gn — 0.

Using Proposition we deduce that up to an extraction, the sequence (g, ) converge weakly to g in
all the Hj, and there exists a constant C' such that

lgscllz < C.
Lemma 3.8. Up to the extraction of a subsequence, goo € HIOC, gn converges strongly in L?
(3.42) gl <1

Proof. Fix K > 0. We denote B(K) the ball of radius K and of center z.
For any k € S*~!, h < 0, and any test function g,

and

loc

(9(v1 + hk) — g(v1))? (g(v1 + hE') — g(v1))? + (g(v1 + Bk') — g(v1 — k))? ,
dvy < dv, dk
12 KEE+B(1) on2
B(K) leB(K)
(g(v1 + BE") — g(v1))? )
<
N/eéB(%)\B(%) n2 do dk
v1EB(K)

2 V2(k) _ii? 52
|K|

for some constant C'x depending on K. We deduce the uniform continuity of of the sequence (g, )n:

2 1
<eK 7 (g(v1) — g(vy + hk)) dk'dvy < Ck

P llgn(k +) = gnO)llz2s ey < Ch+ max llgn(k+-) = ga(llc2s00)-

One can apply Rellich-Kondrakov theorem. Hence the sequence (g, ), converges strongly in L?(B(K)).
In addition, as ||geol/s is uniformly bounded, for any k € R,

9o (k + ) = goollL2(B(K)) < K|CK-

Hence g € H ., and w converges weakly to k - Vgoo in L?(B(K)).
For any K > 0,

6 ’Ug v —
;{;/l x {(gnl n.1) M2+9n1<\/ ~ VM. ) } ui ") Ak doy

len(M, k,v1)|?
2 2 27 Yy g — (1R
_ (gn(vl + hik) —gn(vl)) In1 (1 _6_W> Vikye T
V21 oy <K h h? len(M, k,v1)|? '
2 &g _ (w1k)?
Cd gn(v1 + hk) — gn(vl)) 2 2| V(k)%e” 2 2
= + 951 (v1- k)| —A———5dkdv1 + O (h||gn
V27T [v1|<K [( h g ’1( ! ) |€0(M7k,’t}1)|2 ! ( Hg ”h)
One can take the infimum limit as n — 0:
Cq |: 2 9 2 _ (k)2 1}(]11)2
k-V v + v vy -k }e 2 ——— —dkdv; <1
o (k- Vgoo(v1))” + goo(v1)” (v1 - k) BRI 1
Finally we take the limit X — oo by monotone convergence. This conclude the proof. O

In the following, we prove the convergence of [ g,Lp, g, to 0. In dimension 3, we will need a cut-off
function pk introduce in Definition [3.2] If the dimension is bigger than 4, this cut-off function is not needed,
and we consider px = 1.

We recall the decomposition of [ g, L, gn: for any K > 0,

6 ’U v
/gnﬁh”gn :%/ l:(gnl gn 1) Mo +gn1 (\/ — ) :| k(va —v1 —Fink) dkdvy dug

|€hn(M vy, k)P

+;72/ [(gn.,l —gé,1)92,1r<ﬁ— \ﬁ)] V0% tvymv1—at Ak dvy dvy

|€nn(M v, k)2

+2h2 /(gm\ﬁ Gha VM) (gn2/ M — gnzxﬁ) P Ohtuamvrti) gy 40

len(M, v, k)|?
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e Using, the first line is equal to

cd ) )20k (v3—v1—hak) lgnlln, _ 1
G ot — M (\/ VI ) dkdo; dv, = -
25712 / [(g 1 gn,l) 2+ gn 1 :| |€h,L<M . )|2 v1 dvg 5 5
e For second line, using Proposition and that

2 - gn(vl)Q 1
/ 9 (v1) "CO('Ul)‘ dv 5/ —dvy = O(),
o1 |> K o>k (V1)

one have

67(1 o ’ 51@ (v2—v1—hnk)
h% [(gn,l gn,l) gn,l\/7< /M. \/72)] |Eh (M o )|2 dk‘d’U1d’U2

:/ (Ul)lCo(U1)dU1+O( + i) -
|v1\<K

e For the third line, using Proposition we perform the decomposition

/M. 5 Vg —v
ﬁQ (gn 1 - gn 1\/7) (gn o/ M gn 2V 1) |€h (’}\/([ 2U171 )TQ nk) dkdv dog

= /U1|<K (prc(v1 = v2)Kp, (v1,02) = prc (01 = v2, “522)) g (v1)gn (v2) dvr dva + O (5 + K hy,) -

|v2 | <K
We used that

/ oxc(v1 = v2) (IKn, (v1,v2)| + | prc (V1 — v, B522)]) dvg

{lv1|>K}
o/ M7, )

S o1 |> K m|gn1||gn2|dv1dv2 O(%)-
[v1—v2|> 5%
We can take now the limit n — oo, using that g,, converges strongly to goo in LZ :
1 1
0= 3 + 3 /’U1|<K (px (v1 — v2)Ko(v1,v2) — prc(v1 — V2, BF2)) goo (V1) goo (v2) v dua
|va| <K
[ gu(o)Raon)do + O()
[v1|<K
solld | 1
(3.43) > w +5 / (oK (v1 — v2)Ko(v1,v2) — pr(v1 — V2, BF2)) goo (V1) goo (V2) vy dua

+/goo(vl)2160(1)1)d1}1 +O(%)

One can perform an integration by part and

2 = Cd 61{2 (va—wv1)
. M-
/goo(vl) Ko(Ul)dvl 1 /goo U1 (’Ul/k‘@)k‘ |€0 M A 1}1)|2 dk 2d?]2)
C,
—?d/vgoo(’ul)B(Ul,Ug)(goo(U1>U1)M2dU2dU1dvg.
In the same way, using that B(vy,v2)(v1 — v2) =0,

(V1 — ﬂ) ® (Vg — 7) (cpK v1 — v2)v/ M1 MaB(v1,v2 ) + oK (v1 — v2)Ko(v1 — v2)

2
— _v SOK('UI — ’U2 1)1,7}2 \/74- VSOK V1 — U2) & (V2 -V — u) : ( M1M2B(vl’v2)>
=/ MM, (—V2S0K(v1 —v2) 1 B(v1,v2) = Vg (v1 = v2) - (V1 = Va) - B(v1,12)))
Using that ¢ (v) = p(K|v|),

V20K (01 —va) : B(v1,v2) = = pi (v1 — v, 7”13”2)

)

K¢'(K|v1 — v2]) / [V (k)2 |k [* dk
[v1 — v |? cor—ua>L |E0(M, B2 k|2

where px has been introduce in (3.21]).
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V(k)2k @ k
dlvvl/|g ( ) 5;€ (v1 vz)dk

/k Vvl <|50 M k Ul >k6k ('Ul Uz)dk+ W

k- V., K- (v, — ) Ak — /72v
/ |€0 M ]f 'Ul > ( ) |’l}1 —’Ug| k

Using that Vo (v) = K¢'(K|v|) 5

Finally,

0(M7k Ul |2

o> One have

—Vok (v —v2) - (V1 —

k)?|k|?

)|

U1 — V2

. ( V (k)2 |k
2 |50(M k v1)|2

kO oy —upy AR

k)?[k|?

VQ) . B(’Ul, UQ))

v — va|? \50 M k,v1) |2

=2pr (v1 — va,

/ (oK (v1 — v2)Ko(v1,v2) — prc(v1 — V2, BF2)) goo (V1) goe (v2) dvy dvg

Vo — %) : [@K(m - Uz)B(Ulvvz)m] dvi dvy

- /goo(vl)goo(vz) (V1 - %) ® (

2

V1 —51}2 )

> kb (v, —vy) dk

Ok (v, —vy) Ak

— /apK(vl — V9) (V1 + %) Joo (V1) B(v1, v2) (Vg + )goo va)y/ M1 My dvg dug
[ 1= orclor = ) (T4 2 goc(00)Blor,02) (Va o+ 2) g (02) My o o

One can bound the est using the Young inequality:

/|1—<PK(U1 — vg)] ‘(V1+ U;)goo V1 ‘|B U1, U2 |’(V2+ )goo v2)V/ M- dUldUQ‘

1 _
< H@K() (V242 )goo o2)
v L1
Hence, taking the limit K — oo in (3.43)),
1
025/[(V1+%)goo,1 (V2+ )9002 } (v1,v2)

[(V1+ )gool\/i (V2+ )gmzr}dvldvz

As this term is non-negative, it is zero. We deduce that (see [DW23], Subset 2.2 of the proof of Proposition
2.5), goo €< Wo, ', Wq+1 >, which contradict the fact that 7y(geo) = 0. This conclude the proof.

Proposition 3.9. For any test function g

o [(V=5) 9]||, < minClgh gl

(3.44)

Proof. We recall that

As |wi| =

mo[9g]

d+1

=3 (Jra)e

1=0

O(VM) and ||w;||n < ||willo < oo, we can conclude.

O

O

3.5. Non-linear estimation and proof of Theorem. In the following, we denote #} the Hilbert space

of norm

T ’ 2
2 AN
lallE = _IZ_OH(VQ) g

The present section is dedicated to bound L and Q.
We denote

(3.45)

h

M(U3) — p(U3 + hk‘) M(?)g + hk)

A(p)(v1, k) = / p(vs)

hk'(’l)g*l)lf

hk) + i0

dvg



AROUND THE QUANTUM LENARD-BALESCU EQUATION 31

Proposition 3.10. We fix the dimension d > 2. The two following bounds hold:
V k)ok-(vo—v

5 Ldkdvy dvs < | fllallglnliplls
(3.47)

( )5k 2 1 —hk
A 2 C=0 4o, du, < |l lplallgla ]

Proof. We begin by (3.46)). Using the symmetry of the expression, it is sufficient to bound
1
72 / ’f 1V My — f

We can split it into four parts

— Gy V()20 —niy Ak dva duy

Jvug k|2

e S gi(hy — hy)

Jvg k|2

7 e (i FON/ M,

[vg k|2
+1 [ [ A

1 \ , .
t72 (fi = fi)V Mz’ ‘\/ Mas(g1 — gi)hlzl V (k)2 6k (vy—vy — iy Ak dvg dvy

1
+ o) / A
We apply then the Cauchy-Schwartz inequality to each term of the sum.

9
V<k)26 (ve—v1— dk’d’l)zd’l}l V2 k %
/[ R (fl f{)\/ﬁ} k- hth) =/(f1 )2 h2( |)e S dkdoy < 172
5k (v2—v1— hk)dkdUdel

/%w?ﬁJ i) M <12

/67/2-k|2 2V(k) 5k‘~(’02—1}1—ﬁk) dkdvgdvl

f}(k)Qdk-(vzfvlfhk) dk‘d’Ug d’U1

_lvakl?

SEE gy (B — h) [ V()20 vy 01—k Ak dva duy

- gg)hg’ V()26 1y —on -y Al dva dy

AR g2 (hy — RY)

h2
||g||200 L 2(<k vo k|? ) 2
S Kk;Q’L (<k>2)) /e_‘ﬁkl\ci‘ (hg — h,2)2V|(]l§|) dkduvy < ||9||§Hh||%
v k|2 \; 2
e_‘42\kT§| gf(hz - h/Q)QV(k) 6]6.(1}271)%;%) dedvadin

_lvok|? ~
SIVHIE < o gty [ 926 T PP akaun < 1Bl

We treat now (3.47). We bound first A: using the L? — L? bound on the Hilbert transform, denoting
U3 —Uﬂ +v3 and v = vs + hk,

V2(k)
L

dvl dk

IA(p) (1, )|2dv!dk</v|k‘ /<kl>(p1\/ﬁ1—p’1\/ﬁ1)

2
- V2(k) (/ (1 _pg)2dvli) (/ M?,du?,) doll dk
‘k| <kL> <kt>

\ 72
V_(k) (/ pfdvll> ( (v/M; — \/ﬁg)deg) dv] dk < B||p|1?
<kLl> <kl>

|K|

Hence

(343 55 [ [A0)age ~ High) PR V02 sty vz

~ ||pHrLHg||Lec(<k.> L2(<k>i))H ||L(x>(<k> L2(<k>i)) ~ ||p||h||g|| Hh”l
O

Proposition 3.11. We fiz the dimension d > 2. Denoting 7 := max(5,), for f,g,h three tests functions
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~0) 11l

)

’/ (_V _ g)T (v — E)T an(g,h)‘ < (14 hllre)™ " (

[ sy e[ -3 res(e-5) o

v T
< (14 Ills + 1Rl 1) (g~ @l +llg — alli—s (Il + 1l )
o+ (gl + 130) 5 = Blle—1 + lgllz—1 + 13l5—1) I = Bl ) £

Proof. As we want perform integration by part, it will be useful to introduce the change of variable k — o
where

b= ‘7)1—’[)2| |:0__ 7)1—’[)2:|

2h |vg — va|
with the Jacobian
B 28k (v3—v1 — k) Ak = 4R vy — v1]7726), 2y do.
With this variables,

U,:v1—|—v2 |vl—v2|0_ U,:v1—|—v2_|v1—vg\
! 2 2 P2 2 2

1 — . — .
(Vs + Vo, ) k01, 09,0) = — (W gy 2mw)ee +Id) _

2h |U1 —112| |'02 _U1|

Hence (V1 + V2)g(v]) = Vg(v}) and
a(55) -2 (v5h) s ()
(V1 + V) (gho /ML) = A ([(V - %) gh. +g (V. - %) h] VL)
For f,g,h, F = M + v/ Mp

(—1)T/z&<(v+ (V- 3) f) i A (gh) v/M; My dv, dvs do

e(F, &, v1) 2

=(- )/V1+V2” <(V_;) ) |(|”1_U2d2 (ghs) /My My dv, dvy do

F7k7vl)|2
- (7"17T2,7°3>/

-5) f\+- O™ |e(F,k,v 2
2) V(k)Q‘Ul 1)2|d 2 | ( 1)|
T1+’I‘2+T3 T

M (81}1)”

B
—
<]

s ((v- g)”g (v.- %) he ) /M My dvy oz do

Using the Faa di Bruno formula, and denoting ¢(z) = Z the convolution and F' = M ++v Mp, F=M+vy Mp

) B ) ~ B ” n o; 0V e(F k,v1) n o, 079 s(ﬁ‘,k,v )
i |€(F, k, 'U1)| 2 ~ i ‘E(F, k, Ul)l 2 < Zl Z Hj:l ¢ (6v1)’vj71 B Hj:l ¢ (61}1)7]'41
(Qvr) CIVE I st B S GO [ EAC S S
el

We recall that

dv,

ie(F k) (P k) / v [V 5] () = 7 [VETp = )] (0. = 1)
(Qvy ) (Ovy )i hk - (v — v, — hk) + 140

=V ((v-3)" 0-5)
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As for any function p,

f/(k)A(p)HL‘”(dkdvl) S Hfj(k)vle(p)HL“(dkLQ(dvr’%)) N

(5,

;f}lj)/ ((V - g) p(ve + hk) — (V - %) p(v*)) oy

S el -
Lo (dk,L2(dv; -k))

~

We deduce that

O"|e(F,k,v1)|[72  O"|e(F, kyvy)| 2
(Qvy )9 (Ovy)"

2
N ~ T VUNT—T _ _
S D] (14 1ol maegar—1) + IBllancar1y) (Z\A((V—Q) (p—p))\ﬂip—pnr_l)-
s=0

Using that 71 4+ ro + r3 = 7, and Proposition denoting 7 := max{5, 7}
V=2 (=V =" 1\ V(&) (vs—v, _
[a <( D Lv-p) f) W s 09 [ )] 2 — e )] ]

VM h?

h
xm( 15141\4*) My My doy duy dk

~ r+1 ~
S @+ lpllmy +18l—1) " 11l (||9||;_1 [r2 s o 3 P 1] PP o 1] P 13 PR ey pllr,n)

One can conclude by choosing suitable p and h. O
We introduce the space Cf (R, H,) N L?(R*, H} ), and define the sets

5r7h(“777) = {h € Hg

It = )l < s, IRl ery + IRl 2oy <}

Ern(k,m, ho) = {h € En(n), h(t =0) = ho}

where k, € (0,1) is fix constant depending only on r and V, and ||h¢l|» < 1. The constant , will be fixed
later.

Proposition 3.12. We fir the dimension d > 2. We define Fy, the application which associate to h € &5,
the solution g of the equation

(3.49) {3t9(t) + Lng(t) = Qnlg(t), h(t))

g(t =0) = h(t = 0).

Then for r > 5, there exist three constants k, € (0,1), ng > 0, hg > 0 such that for k € (0, k), n € (0,70),
and h € (0, ho),

o the sets & n(k,n) and & (K, ‘N, ho) are stable under the action of Fy,
o the application Fy, is continuous on &, n(k,n) and contractive on &, (K, n, ho).

Proof. Step 1. The stability of £(n).
Fix h € & 1(k,n) and g := F(g). We have the following energy inequality.

% H (V B g)r g“)Hz - 2/ (‘V - g)r (V - g)r 9(t) (—Lng(t) + Qu(g(t), h(t))) d
<-2 / (F=2) a0ren (T=2)" o)+ Clat®)

+C (L + A0 —1)" " Ug(®)llnw 1A -1 + 19 b1 [AE) 5,0 19 E) 1,

/

2
2 AN 9
<-Z|(v-35) 50| +crsre,

+C L+ A1) Ug@ s WOl + Il - 1A ) GOl
where we use that mo(g(t)) = 0, and Propositions and
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We deduce that

2

He-wy g<t>H2 + (& - Ca+IOI— ™ (0o +lools-0) [ (7-2) a0

h
2

+Cllg®)ll7 -
h

’

C (1 + Il llg(®) - (v - 2) o)

Summing on 1/,

T o ” 2
i 2 |(7-5) o)

r’ r’ 2

+(;C—c<1+||h<t>||f_1>r+1<h(t)f_1+||g<t>||7-_1>) > o || (v-3) o0,
C Fo1 e e y i -2 ) 2
<O IOl lo®lls 3 & (v-3) nof

Let T > 0 such that for all ¢ € [0,T), ||h(¢)|l» < n. One can integrate the previous inequality: for ¢ € [0,T)

1 i, K C ,
lo012+ (565 ~2027 ) [ oG a5 < - (1o +-c2 % [ o)1)

Finally, for n < o := (4C%*"+2)~1, k, = C~("+1)/2 we obtain

o1 + 365 [ oo s < 50

By a boot-strap argument, we deduce that g € Ex(n).

Step 2. Continuity in time of ¢:
As [|g(t)[|,n is a L?(RT), it is bounded for almost all ¢ € RT.

e o0 <2 [ (-5-2) (F-2) 60 -snato o)
2 [ (-9 ) (V- 5) ) - 9 £ngtd)
FC A+ IO (g Ol O -1 + 19Ol 15O n) 19O - 9,
56 |(V-3) - )

+ O (IhO2 + 1RO)2.)

2
+4C?|lgt)I7 + Cllg(t) = g7
h

Summing on ' € [0,7], we get

d 2
2 l9®) =g < Mg)IR, +n* (IR, + 1RO, -
We deduce that g is continuous for almost all ' € R*, and so on R™.

Step 3. Continuity and contractility of F.

(ZH (v-3)" ot - 500) ’ —-2 [ (-v- ) (=) (glt) 500 £ talt) — )

ot Cll(g(®) = G500

(1 Wl + 1) ( (el 121) 90— 86 + g — e (1Bl + 17l
+ (gl + 13llnr) 1) = B + (lglls + 1312) 15(E) = R®llnr ) lg®) = GO,
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Summing on 7/ € [0,7] and using the polarization inequalities, and that g, g, h, h € Ex(n)

%Ilg(t) =g+ llg®) — i, < (Ilh( i+ IIﬁ(t)II%,r) lg(¢) = G@O17 + n?lIa(t) = R(O)I7,,

+ (lgllzr + 19117..) 12(2) = h(@)I7
We begin by treat the part ||g(t) — g(¢)||?. Using the Gronwall’s inequalities,

lg(t) — G012 <[lg(0) — §(0)|[2eC Jo M7+ IR,
t T ~
N / 2eC S MR AR (32 R(s) = RS, + (g, + 13(5)
0

<C|[h(0) = R(0)||? + Cn? |||h — h||? h— h|]?

<C|[h(0) = B(O)[? + Cn? [[Ih = Rl3 30y + 1h = Bl 22341 | -
One get now the estimation of [|g(t) — g(t)|7

o 2 o 2 7 2 7 2 2 712
/0 lo(t) = g1t / (IR, + 1R, ) (18(0) = BO)I2 + 0210 = BIZ, L2 00 02 ) )
02 lh(e) = hONZ, + (lgll3 + 1312.,) [h(t) — h()|12] dt

2 (1B = Rl s + I = Bl |-

20 I(s) = h(s)]2) ds

We conclude that

lg = Gll 2 (1 ynpse (nry S IR(0) — h(0) || + nllh — il||L$(7-L;)mL;>c(w)-
This conclude the proof. (I

We can now proof Theorem 2} if ||go|| < .7, one can perform a Picard’s fix point argument in & (k, 1, ho).
In addition, M(v) + vV M (v)g(t,v) is non-negative for any (¢,v) by a maximum principle on the equation

4. SEMI-CLASSICAL (OR GRAZING COLLISION) LIMIT

We recall that for g, h two test functions, and H := M + vV Mh,

Log(vy) :== V - = /B (M, vy, v2) \/@ (V1 + U—;) g1 — \/7 (Vg + )g2} \/7dv2

Qo(g, h)(’Ul) = - (V — 7) . /B(H, 1)171}2) [thgl + gQVhl — h1V92 — 91Vh2] \ M2 dv2

2
v v
+<V*51) '/(B(H,’Ul,”UQ)*B(M,Ul,UQ)) [\/MQ <V1+31) 91— VM <V2+ )!h] V Mz dus
5k (v2—wv1)
B(’U],’Ug, Cd/ |€0 H k " |2 k® kdk

Proposition 4.1. We fix the dimension d > 2. For f,g and h three test functions,

(41) / £ (Ln— £0)g| < Bl flnlgls

(4.2) /f (Qn(g:h) — Qol(g, ))‘ S Al Fllnllglls Rl (1 + [[2]15)*

Proof. 1t is sufficient to prove that for any f, g, h, p satisfying
11+ £ 1ls + llglls + [[Rlls < oo, [Iplls <1,
there exists an operator Q(p, h, g) such that

V(k)265. (050, -
(4.3) /(f“/ NG )glhg gihb) ﬁ(QI)sh(k(zk UI)T’;)dkdvldw /le(p,h,g)1dv1
+O (Bl flla (1 + lIplls) |15 ]l9ll5)
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Step 1. In order to identify @, we proceed by duality: for f, g, h and p smooth with compact support,
N I 9(k)25k (va—v1—hk)
(fn/ - fivVM. ) (g1h2 + gah1 — g1hs — gshy) W2len (Fy. k. o) dkdoy dvy

]}( )2676 (v2—wv1)
_ 1 o / " _ / 2 1
7/< [V — fiv/MG) (g1 — g1 )h2|8h( B dkdu vy

5 (V2—11
V(R 2’“(22 ) dk dov,
2|€0(Fp7k7v1)|

= / <V1 + ) fi (haVg1 — 1 Vha) dvy 4+ O(h)

\ 2

Step 2. Now we precise the convergence rates in dimension.

V (k)28 0y, -
/(f“/ ~ [iV/M5) (91hs — gih5) ) ktvama=t) gt 4y, s

h2|Eh(Fp7 k,v1)|2

EV(k)265 (0s—o
/(fl\/ — fivM. ) haVg1 — g1Vha) - GO "%) dkdvy dvy + R,
hleo(Fy, —k, va)|?

where, denoting vy s := v1 + shk and vy 5 1= v2 — shk, we defined Ry as

k®2]>( )25k (vo—v1—hk) dkd'l}l d'UQ

/ ds/ fl\/i fl\/7) (h2,sV2g1,s = 2V91,sVho s + 91,5V ?has) - leo(Fp, —k, v2)|?

Using that

(4.4) /|h2,sv2gl,s —2Vg1,sVho +91,5V2h2,s|2|k|4|f}(k)|25k- (v2—v1 —hk) Ak dvy dvg
S JIRPIPEPIBIME < g sy 6 S ORI,
2
[ (8038 = F/E) [906) -ty dlon o

S [P IBINE < s iy 6 S OB,

we can apply the Cauchy-Schwartz inequality, and get R, = O(|| f ||z llglls||P||3)-
Using the change of variable (v, v2) — (v1,v5) and
A T KV (k)20 (0301 i)
/(fl - f1 ) h2V91 1Vh2) . h‘go( i v2)|2 dkdm dUQ

/ p ( VMY h”V91 Vi) /M (haVg +g2vm—g 'V hy — KV go)
1
|

eo(Fp —k )P |20 (Fp, =k, v2)[?

BT KB (1) V(K)? dke duy dvs

VM3 (haVgr — g1Vha)
leo (Fp, =k, v2)[?

= /f1/€ (Va4 Vi +2) kO vy —on) V(K)? dk dvy dva + O (K| f|nllgllal|llallplla),

We use that

1 R
|10 00 M WD b din duads £ [ 11 exp (52 |k|3v<k>2dkdv1
0

<[
W)}

< I£117.-

The other term of the product is estimated using the same argument than in (4.4).
This conclude the proof. O

Proof of Theorem[]] First, as ||go||» < 1 and h < ho, one can applied Theorem [2] and for any h < hg, there
exists gp solution of (QLBpg)). In addition one have the following bound:

o0
sup lgn(£)]12 + / lgn (I dt < .
t>0 0
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We deduce that the family (gi)n<n, is weakly compact in C)(R*, H") N L2(H}) for all h > 0. Hence, up
to the extraction of a subsequence %/, (gp/) converges weakly to some function go € C (R, H") N L2(H}).

We need to identify the hmlt In [DW23] the authors show the existence of g € Cp(RT, H") N L%(HE),
the unique solution of (CLB)-equation, with initial data g (t = 0) := goﬂ

We perform again an energy estimation:

S0 = 9O = =2 [ (60(0) = g O)Er(a(®) — 9 (0)
=2 [ (1) ~ 9 (0) (Loge (1) ~ L9 (1)
+2 [ (90(0) = ) (n(an(0)90(8)) — @ (g (1), (1))
+2 [ G0(0) = 90c(0) (Qnl00 (1) (1)) — Qo (9 (1), 9 (1)

Using Proposition [3.7] 310 and [£.1} and using the same strategy than in the same way than in the proof
of Proposition [3:12}

d
3 lon(®) = Goo D> + (1L =0l gn(t) = goo D17 S Pllgn(t) = goo (Il goclls (1 + Igoolls)”
Hence
d 2 2 < h? 2 8
3 19n(®) = 9o (O + (1 = 20)llgn(t) — goo (D)7 S ;Hgoolls (1+ llgoolls)” -
As r > 5, we can applied the Gronwall inequality, and obtain

19n.() = Goo (Ol < Titllgoo |l L2345 )20 (3e5) (1 + 1 goo |l L2 (345 120 (345))*
This conclude the proof. (Il

5. SHORT TIME EXISTENCE THEOREM

In order to obtain short time result for arbitrary large initial datum, one use the trivial bound

1
1lln s £ 11
Then, we can prove the following estimation by using Proposition [3.11]
Proposition 5.1. We fix the dimension d > 2. Denoting 7 := max(5,r), for f,g,h three tests functions

with
— 1
|€h(M+ Mh7k,v)| Z ?a

h
we have the following bounds

r 1 -
’ [(o-2) (v 0l h)’ < = (4 1B gl Al 1715
r 1
/( V-2) (V-3) ££0a S 5 loliell 11

(o3 (v-3) 1 [orom - @rah]
e (1+||h||r+uh||) (g = lls (11 + WBL) + Clglls + gl 1 — i) 171

Fix go > 0 a probability density and a constant C,, with the following bounds

1
» Nlgollr < Coo-

(5.1) len(M +VMgo,v,k)| > o
g0

We define the set

- 1
g’r(Ta 907090) = {h € C([OaT]7HT)7 h(t = 0) = go, Hh - gOHLm([O,T],HT) < QD)”LICQO}

I reality, their results is weaker, but one can easily adapt their proof.
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Proposition 5.2. We fiz the Planck constant I and an initial data go (associated with the bound C,,). We
define Fy, v the application which associate to E-(T, go, Cy,) the solution g on [0,T] of the equation

{3tg(t) + Lrg(t) = Qnlg(t), h(1))

(5.2) g(t=0)=h(t=0).

Then for r > 5, there exists a constant co independant of h,Cy, such that for any time T < C?Thi“
0

e forallh € gr(T, 9o, Cy, ), the dielectric constant is bounded from below:

1

len(M 4+ vV Mh(t), v, k)| > 7
2Cy,

hence, the application Fp, r is well defined on <‘i'~T(T7 90, Cgo),
o the set E.(T, go, Cy,) is stable under the action of Fs,
o the application Fy, is contractive on E.(T, go, Cy, ).

Proof. We begin by the lower bound of the dielectric constant:

len(M 4+ V' Mh(t), v, k)|

Vil k- V h(t) — go)| (v« — shk)
> lep(M + 0, k)| / ds/ dv,| > .
[en Mgo v—v*)—iO 2Cy,

The proof looks like the proof of Proposition [3.12)
Fix h,h' € &.(T,go,Cy,), and denote g := Fy(h), ¢’ := Fu(h'). For n € (0,1), we define T, as the
supremum of

Cyo
{T |V € (0,7), l9(") = gollrs 9’ (") = goll- < =%, ll9(") = g'(F)]lr <

Forr <randt<T

| — B/l Lo ((0,1,,),27)
. .

2

— 2 [(v - (T 1) - a0ttt

2 [(-9-3)" (V- 3)" ) - ) 2u(ato). 1)
2r'+5
< o)~ ol

H-3) w0 -

Summing on 7/, we obtain that

d 2r+5
o = g0l £ =2~ lg(®) — ol

and the same inequality hold for ¢’. In the same way, there exists some constant C' such that
d / C§:+4 / !/
he®) —g OIF < C=5—llg(®) — g’ Ol (lgt) — 'Ol + Ih(t) — 1’ @)]].)
3CCQT+4
<
< = (lgt) -

Using the Gronwall lemma, one have

GO+ 1 =13 o500 ) -

2r+5
@1(t) = max ([l(t) = goll, 9'(t) = gollr) S =751,

2r+4

3CC n E
wa(t) := [lg(t) —g' ()l < [GXP <2ghozt> - 1] 1A = B/l Lo (0,1, 747) -

By continuity of w; and wy, at T}, either @ (T;) = Cy, /2 or wa(Ty;) = ||h — h'||L((0,1,),2)/2- Hence,

2
there exists a constant ¢y such that T}, > % |
90
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We conclude by a Picard fix-point argument.

Acknowledgment: The authors thanks Mitia Duerinckx, Nicolas Rougerie and Matthieu Ménard for
stimulating and fruitful discussions. The author acknowledges financial support from the European Union
(ERC, PASTIS, Grant Agreement n°101075879) F|

[ABO1]
[AV04]
[Ayil7]
[Bal60]
[Bal61]
[BGSR16]
[BGSR17]
[BGSRS21]
[BGSRS24|
[BHT77]
[BPS13]
[Cat18]
[DH21]
[DH23]
[DHM24]
[Dob79]
[DPY9]
[DRO1]
[DSR21]
[Due21]
[DW23]
[Gol13]
[Gol22]

[GSRT13]

[Gue61]
[Gue62]
[Guo02]
[Hel4]

[HLP21]

[HLPZ24|

[IP8Y]

REFERENCES

A. Arsen’ev and O. Buryak. On the connection between a solution of the Boltzmann equation and a solution of
the Landau-Fokker-Planck equation. Math. USSR Sb., 69(2):465, 1991. Publisher: IOP Publishing.

R. Alexandre and C. Villani. On the Landau approximation in plasma physics. Annales de I’Institut Henri Poincare
C, Analyse non lineaire, 21(1):61-95, 2004.

Nathalie Ayi. From newton’s law to the linear boltzmann equation without cut-off. Communications in Mathemat-
ical Physics, 350(3):1219-1274, Mar 2017.

Radu Balescu. Irreversible processes in ionized gases. The Physics of Fluids, 3(1):52-63, 1960.

R. Balescu. Approach to equilibrium of a quantum plasma. Phys. Fluids, 4:94-99, 1961.

Thierry Bodineau, Isabelle Gallagher, and Laure Saint-Raymond. The Brownian motion as the limit of a determin-
istic system of hard-spheres. Invent. Math., 203(2):493-553, 2016.

Thierry Bodineau, Isabelle Gallagher, and Laure Saint-Raymond. From hard sphere dynamics to the Stokes-Fourier
equations: an L2 analysis of the Boltzmann-Grad limit. Ann. PDE, 3(1):118, 2017. 1d/No 2.

T. Bodineau, I. Gallagher, L. Saint-Raymond, and S. Simonella. Long-time correlations for a hard-sphere gas at
equilibrium. 2021.

Thierry Bodineau, Isabelle Gallagher, Laure Saint-Raymond, and Sergio Simonella. Long-time derivation at equi-
librium of the fluctuating boltzmann equation. The Annals of Probability, 52(1):217-295, 2024.

W. Braun and K. Hepp. The Vlasov dynamics and its fluctuations in the 1/N limit of interacting classical particles.
Commun. Math. Phys., 56:101-113, 1977.

A. V. Bobylev, M. Pulvirenti, and C. Saffirio. From particle systems to the Landau equation: a consistency result.
Commun. Math. Phys., 319(3):683-702, 2013.

Nicolo’ Catapano. The rigorous derivation of the linear Landau equation from a particle system in a weak-coupling
limit. Kinet. Relat. Models, 11(3):647-695, 2018.

Yu Deng and Zaher Hani. On the derivation of the wave kinetic equation for NLS. Forum Math. Pi, 9:37, 2021.
Id/No e6.

Yu Deng and Zaher Hani. Long time justification of wave turbulence theory. Preprint, arXiv:2311.10082 [math.AP]|
(2023), 2023.

Yu Deng, Zaher Hani, and Xiao Ma. Long time derivation of boltzmann equation from hard sphere dynamics, 2024.
R. L. Dobrushin. Vlasov equations. Funct. Anal. Appl., 13:115-123, 1979.

L. Desvillettes and M. Pulvirenti. The linear boltzmann equation for long-range forces: a derivation from particle
systems. Math. Models Methods Appl. Sci., 09(08):1123-1145, 1999. Publisher: World Scientific Publishing Co.

L. Desvillettes and V. Ricci. A rigorous derivation of a linear kinetic equation of Fokker—Planck type in the limit
of grazing collisions. Journal of Statistical Physics, 104(5):1173-1189, 2001.

Mitia Duerinckx and Laure Saint-Raymond. Lenard-Balescu correction to mean-field theory. Probab. Math. Phys.,
2(1):27-69, 2021.

Mitia Duerinckx. On the size of chaos via Glauber calculus in the classical mean-field dynamics. Commun. Math.
Phys., 382(1):613-653, 2021.

Mitia Duerinckx and Raphael Winter. Well-posedness of the Lenard-Balescu equation with smooth interactions.
Arch. Ration. Mech. Anal., 247(4):52, 2023. Id/No 71.

Frangois Golse. On the Dynamics of Large Particle Systems in the Mean Field Limit. Preprint, arXiv:1301.5494
[math.AP] (2013), 2013.

Frangois Golse. Mean-field limits in statistical dynamics. arXiv preprint arXiv:2201.02005, 2022.

Isabelle Gallagher, Laure Saint-Raymond, and Benjamin Texier. From Newton to Boltzmann: hard spheres and
short-range potentials. Zurich Lectures in Advanced Mathematics. European Mathematical Society (EMS), Ziirich,
2013.

Ralph Lewis Guernsey. The kinetic theory of fully ionized gases. PhD thesis, University of Michigan, 1961.

Ralph L Guernsey. Kinetic equation for a completely ionized gas. Physics of Fluids, 5(3):322-328, 1962.

Yan Guo. The landau equation in a periodic box. Communications in mathematical physics, 231:391-434, 2002.
L. He. Asymptotic analysis of the spatially homogeneous Boltzmann equation: grazing collisions limit. J Stat Phys,
155(1):151-210, 2014.

Ling-Bing He, Xuguang Lu, and Mario Pulvirenti. On semi-classical limit of spatially homogeneous quantum
boltzmann equation: weak convergence. Communications in Mathematical Physics, 386(1):143-223, 2021.
Ling-Bing He, Xuguang Lu, Mario Pulvirenti, and Yu-Long Zhou. On semi-classical limit of spatially homogeneous
quantum boltzmann equation: asymptotic expansion. Communications in Mathematical Physics, 405(12):297,
2024.

R. Illner and M. Pulvirenti. Global validity of the Boltzmann equation for two- and three-dimensional rare gas
in vacuum. Erratum and improved result: “Global validity of the Boltzmann equation for a two-dimensional rare
gas in vacuum” [Comm. Math. Phys. 105 (1986), no. 2, 189-203; MR0849204 (88d:82061)| and “Global validity of

2Views and opinions expressed are however those of the author only and do not necessarily reflect those of the European
Union or the European Research Council Executive Agency. Neither the European Union nor the granting authority can be
held responsible for them.



40

[Kin75]
[Lan75]
[LB24]
[Len60]
[LLSvB80|
[MS24]

[Nor28]

[Pu06]

[PPS19]
[PPS22]
[PSS14]

[Spo81]
[Spo83]

[Spo91]
[UU33]
[VW18]

[Win21]

LE BIHAN, CORENTIN

the Boltzmann equation for a three-dimensional rare gas in vacuum” [ibid. 113 (1987), no. 1, 79-85; MR0918406
(89b:82052)] by Pulvirenti. Comm. Math. Phys., 121(1):143-146, 1989.

Francis Gordon King. BBGKY hierarchy for positive potentials. Technical report, University of California, Berkeley,
United States, 1975. INIS Reference Number: 8284567.

Oscar E. Lanford, III. Time evolution of large classical systems. In Dynamical systems, theory and applications
(Rencontres, Battelle Res. Inst., Seattle, Wash., 1974), pages 1-111. Lecture Notes in Phys., Vol. 38. 1975.
Corentin Le Bihan. Long time validity of the linearized boltzmann uncut-off and the linearized landau equations
from the newton law. arXiv preprint arXiv:2408.03597, 2024.

Andrew Lenard. On bogoliubov’s kinetic equation for a spatially homogeneous plasma. Annals of Physics,
10(3):390-400, 1960.

O. E. III Lanford, J. L. Lebowitz, H. Spohn, and H. van Beijeren. Equilibrium time correlation functions in the
low-density limit. J. Stat. Phys., 22:237-257, 1980.

Karsten Matthies and Theodora Syntaka. Fractional diffusion as the limit of a short range potential rayleigh gas.
arXiv preprint arXiw:2405.19025, 2024.

LW Nordhiem. On the kinetic method in the new statistics and application in the electron theory of conductiv-
ity. Proceedings of the Royal Society of London. Series A, Containing Papers of a Mathematical and Physical
Character, 119(783):689-698, 1928.

Mario Pulvirenti et al. The weak-coupling limit of large classical and quantum systems. In International Congress
of Mathematicians, volume 3, pages 229-256, 2006.

Thierry Paul, Mario Pulvirenti, and Sergio Simonella. On the size of chaos in the mean field dynamics. Arch.
Ration. Mech. Anal., 231(1):285-317, 2019.

Thierry Paul, Mario Pulvirenti, and Sergio Simonella. Mean field limit for the kac model and grand canonical
formalism. In International conference on Particle Systems and PDE’s X, pages 269-287. Springer, 2022.

M. Pulvirenti, C. Saffirio, and S. Simonella. On the validity of the Boltzmann equation for short range potentials.
Rev. Math. Phys., 26(2):1450001, 64, 2014.

Herbert Spohn. Fluctuations around the Boltzmann equation. J. Statist. Phys., 26(2):285-305, 1981.

Herbert Spohn. Fluctuation theory for the boltzmann equation. Nonequilibrium Phenomena I: The Boltzmann
FEquation, pages 225-251, 1983.

Herbert Spohn. Large scale dynamics of interacting particles. Texts Monogr. Phys. Berlin etc.: Springer-Verlag,
1991.

Edwin Albrecht Uehling and GE Uhlenbeck. Transport phenomena in einstein-bose and fermi-dirac gases. i. Physical
Review, 43(7):552, 1933.

Juan JL Velazquez and Raphael Winter. The two-particle correlation function for systems with long-range inter-
actions. Journal of Statistical Physics, 173:1-41, 2018.

Raphael Winter. Convergence to the landau equation from the truncated bbgky hierarchy in the weak-coupling
limit. Journal of Differential Equations, 283:1-36, 2021.



	1. Introduction
	1.1. General presentation
	1.2. Statement of the results

	2. Validity at time 0 of the Quantum Lenard-Balescu equation
	2.1. A priori estimation of the cumulant
	2.2. Effective equation for initial data stable by translation
	2.3. The Larg Box limit
	2.4. Computation of the collision term

	3. Cauchy theory of the Quantum Lenard-Balescu equation
	3.1. Bound of the dielectric constant (F,k,v1)
	3.2. The discrete difference norm
	3.3. Decomposition of the quadratic form gLg
	3.4. Dissipation estimates
	3.5. Non-linear estimation and proof of Theorem

	4. Semi-classical (or grazing collision) limit
	5. Short time existence theorem
	References

