LENARD-BALESCU THERMALIZATION:
RIGOROUS DERIVATION FROM A TOY MODEL

MITTIA DUERINCKX AND CORENTIN LE BIHAN

ABsTrRACT. We study the long-time dynamics of a tagged particle coupled to a background of N other
particles, all interacting through long-range pairwise forces in the mean-field scaling, with the background
initially at thermal equilibrium. Starting from the N-particle BBGKY hierarchy, we introduce a simplified
(truncated) hierarchical model and show, in sufficiently large spatial dimension, that the tagged-particle
density converges, on timescales ¢ ~ N, to the solution of a linear Fokker-Planck equation, viewed as the
linearization of the Landau equation. This provides, in a simplified setting, a rigorous derivation of the slow
thermalization predicted by Lenard-Balescu theory.

Our approach relies on a rigorous Dyson expansion in terms of Feynman diagrams and on a novel
renormalization scheme that removes leading recollisions. The main technical challenge is to control the
effect of phase-space filamentation within the diagrams, which we achieve by combining phase mixing and
hypoelliptic regularity. Although restricted to a simplified model, our analysis offers new insight into Lenard-
Balescu thermalization: notably, the renormalization appears to transform free propagators into hypoelliptic
ones, providing a key mechanism that compensates for filamentation.
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1. INTRODUCTION

1.1. General overview. Consider the dynamics of a tagged particle (labeled ‘0’) in a system of N + 1
interacting particles in the d-dimensional box T¢ = [~1, 1]¢ with periodic boundary conditions, as described

272
by Newton’s equations
%Xj =Vj,
Vi=—% >o<i<n VV(X; — X)), 0<j<N,
(X5, Vi)le=o = (X7, V),

where {Z; := (X;,V;)}o<j<n is the set of positions and velocities of the particles in the phase space T¢ x R¢,
where V : T¢ — R is a (long-range) interaction potential, and where the mean-field scaling is considered.
For simplicity, we focus throughout this work on the case of a smooth potential V € C¢°. In terms of a
probability density Fiy on the N-particle phase space (T? x R?)" | this system of ODEs for trajectories leads
formally to the Liouville equation

8tFN + ZOSjSN vy - Vm].FN = % ZOSijN VV(:C] - (El) . ijFN,

1.1
Fnli=o = Fy. (1.1)

For this system, we aim to study one of the predictions of the Lenard-Balescu theory, that is, the slow

thermalization of the tagged particle ‘0’ when the background particles are initially at thermal equilibrium.

For simplicity, we assume that the tagged particle has initially spatially-homogeneous distribution: this
1
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ensures that the mean-field force on the tagged particle vanishes, so that thermalization becomes the leading
effect. In other words, we choose initially

FR(zoy...,28) = [(vo)Mn(21,...,2N), zj = (x5,v5),

where f° € P(R?) is the initial velocity density of the tagged particle and where My stands for the Gibbs
equilibrium

Mn(z1,...,2n) = Z;,lexp<—§ Z |vj|2—% Z V(xj—xl)),

1<j<N 1S5 12N

for some fixed inverse temperature 5 € (0, 00) and normalization factor Zn. We emphasize that background
particles are exchangeable and that the system is invariant under spatial translations. In this setting, due
to interactions with the background, the Lenard-Balescu theory predicts that the tagged particle should
slowly thermalize on timescales ¢ > N and progressively acquire a Maxwellian velocity distribution as the
background itself,

M(v) = (£)%e 3lF,

More precisely, focussing on the velocity distribution of the tagged particle
fno(t,v) == / Fy(t,z,v,21,...,2N5)dxdzy ... dzy,
Tdx (TdxRI)N

it is predicted in [7, [8 [5] (see also [9, [10] for the corresponding test particle problem without back-reaction)
that the time-rescaled density fn o(IN7,v) should converge as N 1 oo to the solution f(7,v) of the linearized
Lenard-Balescu equation at Maxwellian equilibrium (without loss term), which takes form of the following
Fokker-Planck equation,

O, f = divy (A(V + Bv) f),
° 1.2
{ f|7’=0 = f ’ ( )
with diffusion tensor field A given by the (periodic) Lenard-Balescu formula
A(w) = B(v,v — vy ) M (vs) dvy, (1.3)
Rd
8 0(k - w)
B = k@ k) wV(k)?
) = Y ek mk
ke2nZd
S k- VM(vs)
. = 1 ——— dv,.
e(k, k- v) +V(k)/ﬂgdk~(v—v*)—i0dv

In this formula, the dispersion function € modulating the collision kernel B accounts for collective screening
effects at equilibrium. This Fokker-Planck equation (1.2) quantifies the thermalization

f(r,v) = M(v) as 7= N1 oo.

A rigorous justification is still beyond reach at the moment, and we refer to [I1}, 12, B [4] for some partial
results on the topic. To date, the best result is the consistency obtained in [5], which only holds at best for
relatively short times 7 = N~'t < N~3/4, thus missing the thermalization timescale 7 ~ 1. We emphasize
that the difficulty includes understanding the emergence of irreversibility, which here would only occur on
long times as a fluctuation around the (trivial) mean-field behavior. In the present work, we introduce a
simplified, hierarchical toy model for which a full derivation can be achieved, which will shed some new light
on the problem.

1.2. BBGKY approach. To motivate our simplified model, we start by briefly recalling the standard
BBGKY framework for addressing the above thermalization problem. Intuitively, the slow relaxation of the
tagged particle arises from the nontrivial correlations it develops with the background. To capture these
effects, we introduce a suitable notion of correlation functions. For 0 < m < N, we first define the joint
density of the tagged particle with m background particles as the following marginal of the N-particle density
FN7

Fnom(205--32m) = / Fn(z0,.--,2N) dZmyr - - - d2N,
(TdX]Rd)N7"L
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which is symmetric in its last m variables {z;}1<j<m. Next, for 0 < m < N, we define the m-th order
correlation function (or cumulant) by

m
—; Fy
GN,m(Z07~--azm) = Z(_l)m ! M®ji (ZO7ZO')7 (14)
j=0 oesm
where ST stands for the set of all subsets of {1,...,m} with j elements and where we use the short-hand
notation z, = (2i,,...,%;,) for o = {i1,...,i;}. This definition ensures the orthogonality property
/ GNm (205, 2m) M(2z5)dz; =0, forall 1 <j<m, (1.5)
Td xR4
and also ensures that marginals can be recovered by means of a (linear) cluster expansion,
m
Fnm(20,- -y 2m) = M®m+1(zo,...,zm)z Z Gn,j (20, 20), forall 0 <m < N. (1.6)
7=0 JGS;-"

By orthogonality (1.5, we deduce that correlation functions satisfy

N
N |Fy?

Gy [P :/ AENP .

Z (m> /(deRd)del N.m| (Td xRN +1 MON+1 (1.7)

m=0
The right-hand side in this identity would be a conserved quantity if M®N+! were replaced by the Gibbs

ensemble My 1. Still, it can be checked to be uniformly controlled in time: as shown in [5, Lemma 2.2], in
the spirit of [I], we can deduce for all 0 < m < N and t > 0,

1 (N\? S
(/ (G (P M) g ( ) <mENTE, (1.8)
(Td xRd)m+1 m

This can be viewed as some form of chaos estimates, showing that higher-order correlations are tinier in the
limit IV 1 oco. Yet, the scaling in N is not expected to be optimal: in particular, G ; is expected to be only
O(N~1) instead of O(N~'/2), cf. [5].

To get more precise estimates on correlations, we need to go back to the Liouville equation for Fy.
Inserting the cluster expansion , we check that correlations satisfy a hierarchy of equations of the
following form, for 0 < m < N,

0 + LN mGrm = iS5 Gt + (z'sg,,mGN,m + Sy CNm1 + is]:v,mGN,m_z), (1.9)

where for notational convenience we set G, = 0 for m > N or m < 0, where the operators Sy, are
viewed as some ‘creation/annihilation’ operators on the space of correlations,

Shm o LPADE™TT s L2(M)Em
S?V,m : LZ(M)®m - Lz(M)®m
Sy LAAOE™TL o L2(M)E™,
JT/A,m . L2 (M)®m—2 N LQ(M)®"L7

and where ¢Ly ,, stands for the m-particle linearized Vlasov operator

iLN,mGN,m = Zvj : vachYN,m
j=0 m

+ N*‘% Zﬁvj . /11‘ V(25 — 24)GNm (2[0,m)\ {5} 2) M (v4) dz.  (1.10)
j=1

d y RA

We refer to [3, Lemma 2.4] for a detailed formulation of this hierarchy.

If the a priori correlation estimates were known to hold in a stronger, smooth topology, a direct
analysis of the above hierarchy would readily yield the expected kinetic limit fn o(N7,v) = f(7,v); see [5].
However, due to filamentation effects in phase space, correlations become increasingly oscillatory over time
and are only controlled a priori in L2. This leads to possible resonances that may, in principle, prevent
convergence to the kinetic limit. Consequently, in [5], we only managed to establish a partial consistency
result, valid on some intermediate timescale ¢ ~ N” with r < = (which could be improved at best to r < %)

This motivates a more refined analysis of the hierarchy , with the goal of tracking the oscillatory
structure of correlations in greater detail and demonstrating that resonances cannot occur. An important
observation — crucial to the present work but not exploited in earlier studies — is that the operator Sj(,,m
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involves a velocity average: hence, while filamentation is a priori viewed as a problem, phase mixing may in
fact be leveraged beneficially in some terms.

1.3. A simplified hierarchy. As a first step toward analyzing the exact hierarchy (1.9), we introduce a
simplified setting that preserves the essential features of the original system, but for which we are able to
rigorously justify the expected thermalization. We start with the following two convenient simplifications,
which do not affect the physical relevance of the model:

(H1) To avoid specific resonance issues on the torus, we consider the problem on the whole space R? instead
of the periodic box T¢. Physically, this amounts to considering a system of NL¢ background particles
in a rescaled box [—%, %}d with periodic boundary conditions, and taking the large-box limit L 1 co
as N 1T co. This does not change much in the system physically, but has a very important simplifying

effect as Fourier variables become continuous.

(H2) We include a small O(+) diffusion in velocity in the particle system. As this only acts on the slow
relaxation timescale t ~ N, we do not expect it to change much to the problem, but it is useful to
simplify the analysis.

We introduce two additional simplifications, which we believe are not essential to our arguments but are

highly convenient for streamlining the computations:

(H3) The linearized mean-field operator Ly, cf. (1.10), is replaced by pure transport: this allows to
avoid many technicalities and in particular to perform direct computations in Fourier space instead
of appealing to linear Landau damping. Physically, this amounts to neglecting collective screening
effects.

(H4) In the exact hierarchy (1.9 ., the creation and annihilation operators S N.m are not exact adjoints:
they only become approximately so in the limit N 1 co. For finite IV, the additional operators S,
and Sy N.m correct this lack of adjointness, so as to ensure the approximate unitarity (1.7 . This reflects
the fact that the Gibbs equilibrium My, differs from the tensorized mean-field ensemble M/ ®N+1
around which correlations are defined, cf. . To simplify the structure, we replace Sy + m by operators
SE that are truly adjoint and are independent of N. The additional operators S Nom and SN.m are
then set to 0. This leads to a hierarchy with a neater unitarity structure, in particular making .
trivial.

Finally, we introduce a last simplification, which plays a crucial role in our analysis and constitutes the main
restriction of the present work:

(H5) We truncate the hierarchy at a fixed order mg > 1 independently of N, thus setting Gy, = 0in (1.9)
for all m > myg. This means that correlations of the tagged particle are restricted to involve at most
myg background particles at once.

As we shall see, truncating the hierarchy enables us to control the complexity of possible Feynman diagrams
in the perturbative expansion. Nonetheless, the model remains highly nontrivial as it still leads to an infinite
Dyson series; see Section

Let us introduce more precisely the simplified hierarchy that we will study. In view of (H1), with the
large-box limit, the phase space for the particles is now

D:=R%*xR? 5 2z = (z,v).

Recalling the symmetry, invariance, and orthogonality properties of correlation functions ([1.4), the state
space for simplified correlations is similarly chosen as the direct sum

(o)
H = Hmv
m=0
where H,, is the set of functions G,,, : D™t — R : (20,..., zm) = Gm (20, .., 2m) that are symmetric in their
last m variables z1, ..., z,,, that are invariant under spatial translations (zo, ..., 2m) — (To+ 2,0, ..., Ty +

T,vy), € R% and such that
[ ) G MO ) i <

/ G (2pm)) M (vj)dz; =0, forall 1 <j <m,
D
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where we set, for abbreviation [m] := {0,...,m}. Recalling the unitarity structure (1.7) with (fX) ~ NTT as

N 1 oo for fixed m, we endow the space H,, with the Hilbert norm
1 m
1GonlBey, = (Gone ot = i [ 8la0) G P M ) iy, (11D

m!

thus leading to the following norm on the direct sum H,

(G )mll3, = Z 1Gmll3,, -

m=0

By spatial homogeneity, setting Go(vg) = Go(z0), we emphasize that H is identified with the weighted
space L2(M dv). In this setting, for all m > 0, we consider the skew-adjoint transport operator iL,, and the
self-adjoint velocity-diffusion operator D,, on H,,,

iLy, = Z v Vs, D,, = — Z (Vo, — Zv;)2. (1.12)
0<j<m 0<j<m

Next, only keeping the leading contributions in the actual BBGKY creation and annihilation operators
described e.g. in [5], we define

iSmGm-1(2m) = Y Y VV(x;—a1) (Va, = 50)CGm1(zpmp (1) (1.13)

0<j<m 1<l<m
7;5;271Gm(z[m—1]) = Z / VV i xm : (ij - gvj)Gm(Z[m])M(Um) dzmu
0<j<m—1

in terms of the interaction potential V € C2°(R?). These simplified operators have the advantage of satisfying
the exact adjointness relation

<Hm—1a S’r—;fle>Hm—l = <S;LHm—1aGm>'Hmv m > 1. (114)

Instead of (1.9), letting mg denote the maximal order of correlations, cf. (H5), and including an O(%;)
diffusion in velocity, cf. (H2), we consider the following simplified hierarchy of equations on H,

m—1 >

OGN0 4 (i Ly, + £ D,y )GN0 = i SHGN T 4 LG GNmo 0 < m < mg, (1.15)

where we set GN-™0 = ( for m > mg or m < 0, and where we let £ > 0 be some diffusion constant. Regarding
initial data, we set

0 : m=#Q0,

for some initial velocity density & € Hy. While in the original hierarchy we have my = N 1 oo, we
consider here a fixed truncation parameter mg independently of N 1 oc.

By the exact adjointness relation for Sf,i, recalling that the transport operator iL,, is skew-adjoint
and that D,, is nonnegative, we directly find

d 2k
o 2 NG, = ZNmZII oy — Su) GNmo|2 < g,
m=0

Hence, for all 0 < m < mg and t > 0, we deduce
IGR™ ()lla,, < N™%

a0 = {3 | mzo (116)

(1.17)

which is the analogue of (1.8]) in the present simplified setting.

Similarly as for the original hierarchy (1.9)), for fixed m, the time-rescaled tagged particle density Gév MO(NT )
is now expected to converge weakly as N 1 co to the solution Go(7,v) of the following Fokker-Planck equa-
tion,

{ 8,Go = (Vy — Bv) - (k1d +40)(V, — Z0)Go, (1.18)
Golr=o = &,
where the diffusion tensor field Ag > 0 is given by the Landau formula
Agv) = (Box M)(v), (1.19)
Ay VRV 9
B — ——— ) =A
o(v) 0] ( BE ) = AV,
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with the explicit prefactor Ay := %f;dl Jra |k|7ﬂ>(k)2%, where w,, stands for the volume of the n-

dimensional unit ball.

Remark 1.1 (From Lenard-Balescu to Landau kernel). Formula (1.19) for the diffusion tensor can be directly
compared with the original Lenard-Balescu expression (1.3), once the different simplifying assumptions of
the model are taken into account:

— As we now consider a large-box limit, ¢f. (H1), Fourier variables become continuous and the collision
kernel B in (|1.3) is replaced by its continuum version
ok - w) dk

B(U, U}) — 4d (l{; X k‘) 7T]>(k’)2 ‘€(k7 - U)‘Q (2’/T)d .

— As we neglect collective screening, cf. (H3), we replace the dispersion function € by the constant 1. A
direct computation then shows that the collision kernel reduces precisely to the above Landau kernel By,

(1.20)

B(v,w) ~ Rd(k@k)wf/(k)%(k-w)% _ ﬁ;"( Lo w)

— As we have introduced O(%;) diffusion in velocity, cf. (H2), we add identity to the obtained diffusion
tensor in .

Remark 1.2 (Modified equilibrium structure). Beyond the value of the diffusion tensor, we note that the

equilibrium structure in the Fokker-Planck equation also differs slightly from that in . More

precisely, as the velocity density is recovered via Fy = MGg, we find that describes relazation to /M

instead of M. This discrepancy arises from our symmetric choice of the zeroth-order terms in the definition

of the creation and annihilation operators (1.13) (and accordingly for the velocity-diffusion operator (1.12)).
While this choice is made primarily for computational convenience, it has no essential impact on the results.

1.4. Main result. In the framework of the simplified hierarchy (1.15)—(1.16)), for a fixed truncation param-
eter mg > 1, we rigorously prove thermalization and derive the expected Fokker-Planck equation (|1.18)) for
the tagged particle density.

~Tup (1.21)

Theorem 1.3. Fiz a truncation parameter mg > 1 and assume that:

— the space dimension is sufficiently large depending on myq, in the sense that

2, Zf mo =1,
d>dy= 8, if mg =2, (1.22)
28mg + 70, if mg > 3,

— the diffusion constant  is sufficiently large, in the sense that k > Cpy [a \k|V(k) dk for some con-
stant Cp,, > 0 depending only on mo. In case mg = 1, this condition can be dropped.

Then, for any initial condition ® € C>°(R?), the solution (GL"™0)o<,m<m, of the simplified hierarchy (1.15) -

(1.16) satisfies that the time-rescaled tagged-particle density

(1,v) — G(I)\[’m0 (NT,v)

converges strongly in L (RT; L2(M dv)) to the solution Go of the Fokker-Planck equation (1.18). More
precisely, we have

1
2

> —27 L m
(] 168 () = Golaaran dr) S VBT 1)) 700 L3s

and this bound can be improved to N~*[((Vy,, v0))* ™2 S| L2(ns avy if d > 28mg + 147.

As detailed in Section [2] the proof relies on a careful analysis of the Dyson expansion of the hierarchy in
terms of Feynman diagrams and builds on three key new ingredients:

— Renormalization: The Dyson series must be renormalized to eliminate the leading recollisions, which
amounts to factoring out part of the expansion. Concretely, the free transport propagators around which
the expansion is performed are replaced by renormalized propagators, obtained by adding to the free
transport an approximate (non-Markovian) version of the limiting Fokker-Planck operator (so-called
“hat operator” below).

— Phase mizing: Since annihilation operators involve velocity averages, cf. , phase mixing can be
effectively exploited in several terms of the expansion. In our approach, this is achieved by systematically
applying contour deformations in all the integrals over free velocity variables.
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— Hypoelliptic estimates: As explained, the renormalization effectively augments the free transport with
a (non-Markovian) Fokker-Planck-type operator carrying a prefactor of order O(%) By treating this,
heuristically, as a genuine Fokker-Planck operator, filamentation effects in phase space are mitigated
through the induced O(<7) velocity diffusion. This allows to replace naive resolvent estimates with hy-
poelliptic ones, which substantially improve the scaling in N. Since such estimates for the actual renor-
malized propagators are not directly accessible due to non-Markovian effects, we exploit the additional

O(%) velocity diffusion included for simplicity in the system to justify these improved bounds.

As discussed heuristically in Section below, the restriction on the space dimension relative to the
truncation parameter arises from geometric constraints in the complex deformations used for phase-mixing
arguments and does not appear to be avoidable at present. Several refinements of the method could improve
the value of dy in , but none seem enough to remove the linear dependence on the truncation parameter.

Remark 1.4 (Scope and limitations of the model). Several of the simplifying assumptions in our model could
be relazed without substantial modifications. In particular, the free transport operator could be replaced by the
linearized Vlasov operator appearing in the original hierarchy, cf. , in which case the Landau kernel in
the formula for the diffusion tensor would be replaced by the Lenard-Balescu kernel . Likewise,
the modification of the equilibrium structure noted in Remark[I.2 could be removed with only minor adjust-
ments. A more consequential simplification of the model concerns the choice of creation and annihilation
operators as exact adjoints; we expect that the approximate unitarity of the original hierarchy would
still suffice for the analysis, but this remains to be verified. Another technical simplification is the inclusion
of an O(%) velocity diffusion in the system, which we cannot yet dispense with. Finally, the most restrictive
assumption is, of course, the truncation of the hierarchy itself, which currently appears unavoidable.

Remark 1.5 (Related work). While completing this work, we became aware of an ongoing parallel investi-
gation by Bodineau and Le Bris 2], which addresses another simplified model in the direction of a rigorous
justification of Lenard-Balescu thermalization. Specifically, they derive a similar linearized Landau equation
for a tagged particle interacting via mean-field forces within an ideal Rayleigh gas — namely, a background
of particles that do not interact with each other, only indirectly through the tagged particle. Their analysis
follows a trajectorial approach, but our hierarchical framework could in principle be applied to their model
as well. In that case, the diagrammatic structure is significantly simpler: since background particles do not
interact, the creation and annihilation operators always correspond to collisions involving the tagged particle,
and the pathological diagrams and that constitute the main difficulty in our analysis would be
absent. In this simplified setting, we expect that the truncation of the hierarchy could be avoided, leading to
a hierarchical proof of their result. We note, however, that our approach would still require the inclusion of
an O(%) velocity diffusion in the system, which is not needed in [2].

2. STRATEGY OF THE PROOF

We start with a brief overview of previous attempts to establish thermalization, focussing on the above
simplified hierarchy , and we then explain and motivate our main new ideas. Throughout this section,
we restrict ourselves to high-level, non-rigorous explanations, aiming to provide intuition and motivation for
our approach.

2.1. Rescaled Fourier reformulation. Before going further, we rescale time by introducing the slow
variable 7 := t/ty, where the timescale ¢ty > 1 is left unspecified for now but will later be chosen as
the predicted thermalization timescale ¢y = N. For all j > 0, we denote by k; the Fourier-dual variable
associated with x;, and we set 2; := (k;j,v;). In these terms, further recalling the a priori estimates
and the definition of the norms, we make the following change of unknowns: for all 0 < m < my,

g (T, B 1= \/NWTM@)"’“(U[m])/

—ikj-x; N,m
i3 ) GNmo () 2i1) A - 2.1
(Rd)w(jr_[f ) G (U, 24 it (2.1)

and we further let gN>™° = 0 for m > mg or m < 0. Since GY-™0 is invariant under spatial translations, we
note that g™ is concentrated on the set

pmtl .= {(20,...,2m)em>m+1 : ijzo}.

j=0
The a priori estimates (|1.17) are then replaced by the following, for all 0 < m < mg and 7 > 0,

||g%’m0(7)||L2(®m+1) < H9||L2(1f)>1)a (2.2)
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where we have set for abbreviation
g:=VvM&  onD'={0} xR%

In this setting, the state space H,, is thus replaced by L? (]]j)m“) and the hierarchy (1.15)) is transformed
into the following,

(2.3)

tN Orgi ™ + (L + 5 D) g™ = J2 (18 m i +iSmgn ™), 0 < m < m,
N,mg =ql
gm |T:0 g m=0>

where the transport and diffusion operators are now replaced by
Ly, = Z kj - vj, Dy, == — Z VAVIP (2.4)
0<j<m 0<j<m
and where creation and annihilation operators take the form

S,;gm_l = Z Z S;n,l’_gm_l, (2.5)

0<j<m 1<I<m
== 1#]

Sr—;flgm = Z S;‘?T;LJrgma
0<j<m—1
in terms of
am,— A 1 % ~
ST gm-1Gmy) = ===V M) kV(k1) - Vo, gm—1Epmp a3 (k5 + ki, ), (2.6)
Jm
S g (Bm1) = \/E/D\/M(vm)kmf/(km)~VU_7.gm(2[m]\{j},(kjfkm,vj))d*ém,

with the short-hand notation d*2; = d*k;dv; and d*k; = (27)"%dk;. In this setting, the adjointness

relation becomes
(P15 57 19m) 12y = (Simhm—1, 9m) L2 (5m 1 1<m < my. (2.7)
2.2. Formal derivation. A formal examination of the hierarchy leads to expect
g™ = O(Cru N~ %), (2.8)
so that the a priori estimates (or (1.17))) would be far from optimal. If this was true, we could truncate

the hierarchy: neglecting the effect of 92’m° = O(N™1), and focussing on the critical timescale ty = N, we
would be formally led to
0Tgév’m° + ﬁbogév’mo = igar(\/]vgiv’mo), (2.9)
(0. + Li + £D1)(VNg"™) = iS7gy™ +O(N™Y).
This amounts to a slow equation for gév M0 coupled to a fast transport equation for the rescaled correla-

tion v/ Ng{\[’m0 = O(1). Solving the latter, we are led to a closed non-Markovian description for the tagged
particle density,

. - A A\l
8r90"™ + KkDogg ™ = — S (%67 + L+ %Dl) Srge"™ +O(N™Y, (2.10)

where we expect memory effects to average out as IV 1 co. To investigate this more precisely, we introduce
the following version of the Laplace transform, for ¢ : R™ — C,

Lo(a) = /0 o(1) e~ 1+ g7 o(r) =€ /Reio"rﬁgo(a) d*a, dro =42, (2.11)

Taking Laplace transform and inserting the definition of S”a“ .87, Ly, equation (2.10) becomes
(14 i0) LgN™ — divy, (R1d+A3)V,, LgY ™) = g+ O(N L),
in terms of

AN (a,v0) = /D(k1 @ k1) V (k1 )2V M (v1) (HTQ ik - (v1 — vo) + %Jﬁl)_l\/ﬂ(ul) d* 5.

In this formulation, the non-Markovian character of the equation arises from the a-dependence of A} . Pass-
ing to the limit N 1 oo, one can check that AY (v, vo) converges pointwise to the diffusion coefficient Ag(vp)
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defined in (1.19)) (see the proof of Lemma for details). Inverting Laplace transform, we are thus led to

g™ —s gy, where gq satisfies

990 = divy ((k1d +40)Vugo), (2.12)
golt=0 = 9. '

Recalling go " (1) = VMGY ™ (N7), cf. [2.1), this would imply

G (NT) = Go(r) 1= VM go(r),

which satisfies the expected Fokker-Planck equation (|1.18]).

This formal derivation has several important gaps. First, we currently lack a method to establish the
improved correlation estimates beyond short timescales and, moreover, such estimates might only hold
in weak topologies. Second, even if these bounds were valid in L? up to the relevant timescale t; = N,
the O(N~1) error in would still only be controlled in H~!, owing to the loss of a velocity derivative
in S'fr . As a consequence, when solving the fast transport equation for correlations, the contribution of this
error in could be significantly amplified due to filamentation effects. Both difficulties stem from the
fast oscillations of correlation functions over long timescales, which may induce problematic resonances. A
potential way forward, as we already argued in [5], is to start from a perturbative expansion of all correlation
functions as Dyson series, in the hope that explicit oscillatory contributions never resonate.

2.3. Dyson series expansion. Applying Laplace transform in the form (2.11)), the simplified hierarchy (2.3
reads as follows,
(1+ i+ m%bo)ﬁgé\[’mo =g+ %iﬁgcg{“m% (2.13)
(71;:?& + Ly + £ D) Lol = ﬁ (z‘S’;ﬁgﬁﬂ + z‘S‘,;LgZﬂO), 1< m < myg.
Iteratively solving this hierarchy, we obtain an infinite Dyson series for each correlation function g¥'™0. Each
term in this expansion consists of a sequence of resolvents

(55 + il + D) ™
interlaced with creation or annihilation operators S’,jfl, acting on the initial data g. To organize these contri-
butions, we introduce a representation using Feynman-type diagrams:
— Each connected horizontal line corresponds to a different particle, with the lower line corresponding to
the tagged particle ‘0’.

— Parallel horizontal segments stand for free propagators,

; . Ay —1 ; P A1 ——
(% + ZLl + %Dl) = (% + ’LLQ + %Dg) = — etc.
— Vertical segments merging two horizontal levels are viewed as “collisions” and correspond to applying
creation or annihilation operators,
am,+ (particle 1) am,— (particle 1)
s = -

(particle j) Jil (particle j)

We emphasize that for g;"l_ the annihilated index [ only runs over 1 <[ < m, meaning that the tagged
particle ‘0’ is never annihilated.

— Diagrams are arbitrary compositions of the above two ingredients, alternating between free propagators
and collisions. The complezity of a diagram is the maximal number of horizontal levels that appear at
once on top of the lower level: by assumption, it is always bounded by the truncation parameter mg.
Viewing time as flowing from right to left, we call input (resp. output) variables the list of particle indices
that are present at the right (resp. left) of the diagram.

To give a concrete example,

[0 1 = 800 (Mo kg + £D1) 7 Sp (M2 Ly + Do) Spy (B2 4Ly + £D1) Sy

tn tn

and thus, inserting the definition of the operators and carefully tracking the Fourier variables,

“ . -1
e Talaw) = | VM) V) - Vo (522 4k (01 = 09) = §00,)
]D)2

. _ -1
X VM (v2) koV(k2) - Vy, (Hw‘ +iky - (v1 — o) + kg - (v2 — Vo) — %AU[QJ

tN

~ X -1
X VM (1) oV (k) - Vo (BE2 ik + ) - (01— v0) — £ D0y, )

tN
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x VM (v1) (k1 + ko) V(1 + ka) - Vo, 8(v0) d*21d* 2,

where for an index set A we let A,, = >, 4 Ay;. Occasionally, we shall indicate the associated Fourier
momentum variables above each horizontal segment, thus representing the above integral as

k1 k1 + ko
_ *o i} X
N /(Rd)zi —k1 /’ﬁT_ ko J}g(vo) d kld ]{/’2,

Note that the definition of the creation and annihilation operators ensures the conservation of the sum of
Fourier variables at each collision.

With this diagrammatic notation, we return to : taking resolvents, the Duhamel formula can be
written as follows, for all 0 < m < my,

a7 = G (X 0)ent + (N )bt tote

where the sums run over all possibilities for creating or annihilating a particle. Iterating this hierarchy yields
the standard Dyson series, that is, a formal expansion of each correlation function in terms of diagrams
acting on the initial data g. For our purposes, however, it is convenient to reorganize this expansion slightly:
we stop the iteration as soon as we reach Egév "m0 which produces a series expansion in which the diagrams
act directly on the tagged particle density Egév mo.

More precisely, for 1 < m < my, the mth-order correlation is formally expressed as the sum of all diagrams
with complexity at most mg, with 1 input and m + 1 output particles, starting with a collision operator
and ending with a free propagator, and never returning to a single particle at intermediate times. Each
diagram is applied to Egév "0 and a diagram involving n collisions carries a prefactor ¢ ( \/Zﬁ)" Inserting

such expansions into the first equation in ([2.13)), we obtain the following for the tagged particle density,

(14ia — BN Lg ™ = g + tN(ﬁ)QQEQéV”"O
+in(g9) (e d+ 2+ L L+
+E+@+@+@) Lol 4 (2.15)

Note that the expansion is always an infinite series despite the finite maximal complexity mg of the diagrams.
Each collision comes with a velocity derivative, cf. , so a term with n collisions involves up to n derivatives
of Lgo"™ — or of the test function, by duality.

For tiy = N, the first line in (2.15]) coincides exactly with the truncated non-Markovian description
derived formally,

(1+ia— KDy + 50 Lgy"™ = g+..., (2.16)

where the ‘hat’ operator is by definition
A ) ~ Lo\ 1.

= S0 (SR il + D) Sh (2.17)
The problem is thus reduced to showing that all higher-order terms in the expansion vanish as N 1 co. We
emphasize the advantage of expanding around the tagged particle density ﬁgév M0 rather than the initial
data g: it effectively factors out part of the usual Dyson expansion, allowing the leading dynamics to emerge
directly. This is crucial since the Dyson expansion of the limit dynamics converges only for specific initial
data of exponential type, owing to the accumulation of velocity derivatives — in contrast with other problems
in kinetic theory, such as Lanford’s theorem, where the limiting Boltzmann equation admits a Dyson series
that converges for a wide range of data over short times.

As we shall see, recognizing all diagrams in as velocity averages and using phase mixing in the
form of contour deformations in the wv-integrals, it is easily checked that each diagram in this series is
uniformly bounded in the weak sense in large enough dimension. We thus find that, term by term, the error
is O(tN(\/—lﬁ)‘l) = O(N~1), but convergence of the series is problematic.

Aiming at a rigorous justification, we truncate the formal expansion and need to estimate the
remainder. Restricting the expansion to diagrams with < 2n collisions, the Duhamel formula for the re-
mainder involves various diagrams with 2n + 1 or 2n + 2 collisions applied to correlation functions £g-mo
with 1 < m < my, such as

Ex = tn(&)" " [ Le (2.18)

(n times)
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Estimating this error in the weak sense, and using the L? a priori estimate (2.2) on correlations, we obtain

for a test function h € C°(RY),
— hH (2.19)

(n times)

(h,En) < tyN"""2

As we shall see in Section [d] each occurrence of [} can be controlled by a diffusion in velocity. We may
therefore heuristically write

. -11" “
T k) [Vﬁo(ljf+ik.(v1—vo)—]’@A,UDJ ] Mo kD (k) - Voo h(vy).

(n times)

Evaluating the L? norm of the resolvents then yields

T LY S IS e

(n times)

Substituting this estimate into , we conclude that the truncation error in the Dyson expansion can be
controlled, at best, on the timescale ¢ty < N'/3. In order to reach the thermalization timescale tx = N, we
thus need to find another way.

For k > 0, the preceding estimates can be partially improved, as the velocity diffusion allows one to use
hypoelliptic resolvent estimates. However, as we show, this improvement alone remains insufficient to close
the argument. More precisely, instead of the following naive bound, which also holds for x = 0,

(& +ik-v— 800 2@ > L2 S N
one can use Airy-type resolvent estimates,
. — _1 _2 1
IG5y + kv = F80) 2@ —r2an) S 6 F[RTINT, (2.20)
see Lemma below. Getting back to (2.19) and using this improved scaling, we obtain for txy = N
and x > 0,
@19) Swn tnN""IN" = /N,

This error bound does not improve for larger n, showing that diagrams of the type (2.18)) in the error analysis
remain problematic.

2.4. Renormalization. Our first key observation is that the worst contributions in the error estimates
arise from diagrams such as that involve repeated applications of the hat operator [_l. This should
not come as a surprise: this hat operator can be anticipated to play a central role as it precisely encodes
the thermalization emerging on the slow timescale ¢ty = N, cf. . This motivates a renormalization
procedure, in which we would resum iterated hat operators.

For illustration, we start by describing this renormalization in case mg = 2, that is, when correlations are
restricted to two background particles. We then consider the formal geometric series

2 = o () (e =)

+(H'Cam T + e R
Since the hat operator is comparable to diffusion in velocity, cf. Section [ this formal series converges only
when applied to functions of exponential type. A more robust approach is to define """ as the modified
resolvent

L (@j@ +ED +L7+L‘E’>7l (2.21)
M N 1 N1 NI) N . .
We show in Section [4] that this resolvent is well-defined and bounded on L?, and we refer to it as the
(2-particle) renormalized propagator.

In case mg > 2, some additional care is required as it is convenient to further renormalize all nested hat
operators, that is, contributions like

Hﬁp m and so on.

For that purpose, we define an iterative renormalization scheme; see Lemma [.2 below for its well-posedness.
We emphasize that the renormalization of nested hat operators is not strictly needed in our approach, but
it strongly simplifies the combinatorial structure in the error analysis.
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Definition 2.1 (Renormalization). Given mg > 1, the hat propagatorm on L? (Iﬁ)m“) is defined iteratively
as follows, for all 1 <m < my:

— For m = myg, we define on LQ(Iﬁ)m+1),
~1
M 144 £ 5k P _—
i (ﬁmeLmeﬁDm) =
— For 1 <m < myg, we define on L*>(D™+1),

= (1+W+L +£D, +sz>

AN

where we have set
A+ s +1,—
>t Z%IW S
in terms of the operator x assumed to be already defined on L2(®m+2).

With this renormalization procedure, the Dyson series (2.15) gets drastically simplified: up to replacing
propagators by their renormalized versions, we can remove all the diagrams involving hat operators. For

ty = N, this means
+ (b L+ ]+ R
L L) o™ o 02

and it remains to show that all the diagrams in the right-hand side are O(%;) error terms.

(1+ia— Dy +5L)Lg)"™ =

2\)—‘

2.5. Error estimates: ‘ansatz’ approach. Instead of working directly with the renormalized expan-
sion and estimating the truncation error via Duhamel formula, it is often advantageous to view the
remainder as satisfying itself a PDE. Equivalently, this means interpreting the truncated Dyson expansion
as an ansatz providing an approximate solution of the original problem, with the error typically appearing
as lower-order source terms represented by explicit diagrams. This perspective allows to leverage PDE tech-
niques for the original problem to obtain neat error estimates. See e.g. [3, Section 3.5] and references therein
for a discussion in the context of weak turbulence.

In this work, we adopt a similar viewpoint, interpreting the truncated renormalized Dyson expansion (|2.22])
as an approximate solution of the hierarchy . The specific unitary structure of the latter can then be
exploited and is crucial for deriving neat error estimates. This approach is developed in detail in Section
We emphasize that the ansatz must then be constructed for the entire sequence of correlation functions,
requiring consideration of the Dyson expansion for each of them, not just for gN "0 as we focus on in this
introduction.

2.6. Toolbox for diagrammatic estimates. To estimate the iterated resolvents appearing in the dia-
grammatic expressions, we systematically rely on two key analytical tools:

— Phase mizing: Resolvent estimates in operator norm yield N-dependent bounds due to filamentation
effects. However, since annihilation operators involve velocity averages, phase mixing can be exploited
to obtain uniform-in-N estimates. As usual, this mechanism is conveniently implemented via contour

deformations. For instance, deforming the integration path as v — v — ik with k= TkI’ we obtain

‘/ (i—l—ik-v— Ay) T M (v dv ‘/ iy Hlkl+ik-v— 5O "M (v—ik)d ‘ < k|7 (2.23)
Rd

Such contour deformations remain valid after renormalization; see Section [£.3]

— Hypoelliptic estimates: As already noted in (2.20), for x > 0, the O(%) velocity diffusion included in the
model allows one to exploit hypoelliptic estimates and the resulting enhanced dissipation. At the level
of resolvent estimates, this yields the bound

(5 + ik v — £ A0) 2 (av)— 12 (dv) Sw k| =3N3, (2:24)

see Lemma which constitutes a substantial improvement over the naive bound O(¢y) that would be
optimal for x = 0. This also remains valid after renormalization; see Section
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If no O(4) velocity diffusion was included in the model (that is, if £ = 0), the hat operator — being
comparable to a diffusion in velocity — would still make the renormalization procedure effectively add such
a diffusion to the free transport operator. One would then expect hypoelliptic estimates to emerge for the
renormalized propagators even in this case. Although it is usual for renormalized propagators to satisfy
improved bounds, this appears to be the first instance where the improvement arises via regularity theory.
Nevertheless, the hat operator satisfies only 0 < [ 1 < —A,, and is not uniformly elliptic in velocity (notably
because of its time dependence). As a consequence, its precise hypoelliptic properties remain difficult to
characterize and exploit. For the present analysis, we therefore restrict to the simplified setting in which an
explicit O(=7) velocity diffusion is included in the model (that is, £ > 0); see assumption (H2).

2.7. Limitations of the strategy. When truncating the formal renormalized Dyson expansion ([2.22)) with
ty = N, the remainder involves a variety of diagrams, such as

(£ times

FN — N( i )2Z+m+2

VN (m times) ;Cgix’mo- (225)

S s R A A A A A
Estimating this error term in the weak sense and using the a priori L? bounds (2.2 on correlations, we find

for a test function h € C°(R?),
¢ times)
‘ %(m times) hH (226)

Compared to hat operators, a key feature of the iterated subdiagram &? is that it mixes momentum variables:
omitting the renormalization for simplicity, we indeed find

(h,Fn) S N7©°%

. —1
89(20,21) = */ VM (v2)koV(kz) - Vy, (i +i(ko — k2) - vo + tky - v1 + 1k - va — %Avm)
D

X \/M(’Ug)k'gfj(k@) . V/Ulg((kio — /{12,’00), (kl + ]{12,’01)) dé’g,

and thus, applying contour deformation vo — vo — ikz with 12;2 = U%I’

ygg(zo, 4)| S /d<k2>f)(k2)2 ’vgmg((ko — ko, v0), (ky + kQ,ul)) ’ dks.
R L
Returning to (2.26]) and using such estimates, we may heuristically write

£ times)
[ S it ~ |

(Rd)e+H1 xR
{41 . ~ ~ 1
x Tk V)2 V2,0 (2 + ko = By) - w0 + iy - o1 = § 00,
=2

R —1
VM (0)ky V(K1) - Vo, (i +ilko — ky) - v + k1 - v — %Avm)

X VM (v1) k1 V(k1) - Voo h(ko, vo) dky . . . dkgirdovy,

with the short-hand notation l;:j := Y 7_, ki Since this expression involves an average of resolvents with
respect to v; and since hypoelliptic resolvent estimates would not provide sufficiently good bounds here, we
have to attempt another contour deformation. To do so, we need to find a suitable direction to deform:
given kq, ..., ko1, if there exists v € S¥~! such that v - k; > 0 for all j, then the deformation v1 + vy — iv
would yield an O(1) bound. Yet, by Wendel’s theorem, such a direction v exists for almost all &y, ..., keyq
only provided that the space dimension is d > £. We then get formally

¢ times)
!mmm@)] S 19520 e

With this estimate at hand, let us now return to the estimation of the error term (2.26]). As for the last m
creation operators in the diagram we can only rely on hypoelliptic resolvent estimates (2.24)), we obtain,
provided d > ¢,

<h7FN> S N_é_%N% — N—%(4(—m—2)7
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which becomes o(1) whenever £ > 2 + 1. Since diagrams of the form appear among remainder terms
for all m < my, while £ depends on how far the Dyson series is expanded, we conclude that remainder terms
cannot be made small unless the space dimension satisfies d > “¢. In other words, the space dimension
must be sufficiently large relative to the truncation parameter mg in the hierarchy. This explains the main
limitation appearing in Theorem

Notation.

— We denote by C' > 1 any constant that only depends on d, 8, mg, and on controlled norms of V. We use
the notation < for < C'x up to such a multiplicative constant C, and we write < for < C'x up to a
sufficiently large constant C. We add subscripts to C, <, < to indicate dependence on other parameters.

— For any m, we denote by (-,-) and || - || the scalar product and norm on L2(D™). We add a subscript
‘k” and write (-,-), and || - || for the corresponding scalar product and norm on L?((R%)™) with fixed
momentum variables. We further write || - || for the norm on L?(R x D™), including integration over the
Laplace variable.

— We use the short-hand notation [a] = {0,...,a} and [a,b] = {a,...,b} for integers 0 < a < b, and we
set z4 = (2iy,...,2i,) for an index subset A = {iy,...,ix}.

3. CONSTRUCTION OF AN ANSATZ

As explained, instead of working directly with the formal renormalized Dyson expansion and
estimating the truncation error, we interpret the truncated renormalized expansion as an ansatz defining an
approximate solution of the hierarchy , which is particularly convenient to derive error estimates. In
this approach, an ansatz must be constructed for all correlation functions, thus requiring to consider the
corresponding Dyson expansion for each. For instance, for m = 1, the expansion reads

Lo ™ = () B Lgg ™

() 0 TR TR TRl o

The construction of a suitable ansatz follows the following strategy:

— For the tagged particle density, we simply choose gév Mo = g& as the solution of the truncated non-

Markovian equation (2.10) obtained in the formal derivation, independently of the truncation parameter
mg.

— For correlation functions, 1 < m < my, the ansatz g\’ is defined by truncating the formal Dyson
expansion (e.g. (3.1) for m = 1) and replacing all occurrences of the tagged particle density gév M0 with
its ansatz g{¥. By including a sufficient number of diagrams, depending on my, this procedure is expected

to yield a good approximation of g\,
sMo

3.1. Ansatz for tagged particle density. For the tagged particle density gév
from ([2.10), we define gév Mo .= gV as the solution of the following equation,

a e 2 T & - T—T/ 4A1 iA1 Q PR
{ (0 + 5Do)ad! = —()" Ji Soif e IR OISGTg () ar,

, taking inspiration

g(J)V lr=0 = g.
We emphasize that this choice is independent of the truncation parameter mg. Applying Laplace transform,
this equation reads

(140 + 5 Do + 4573) £ = s (3.2)

Well-posedness and regularity estimates for g}’ easily follow by noting that the hat operator is nonnegative
and is controlled by diffusion in velocity; see Section [5] below.

3.2. Ansatz for correlations. The suitable choice of an ansatz for correlations {2 '™} <<, is more
delicate and will depend on the value of the truncation parameter mg. We start by introducing some
combinatorial structure associated with the sequences of creation and annihilation operators that appear in
the renormalized Dyson series.

— Informally, we define abstracts as finite sequences of +1, where +1 and —1 correspond to creation and
annihilation operators, respectively. As diagrams have complexity bounded by mg, we require that at
intermediate steps we never reach more than mg background particles. We say that an abstract has
degree m if it creates in total m background particles.



LENARD-BALESCU THERMALIZATION: RIGOROUS DERIVATION FROM A TOY MODEL 15

— We define histories by complementing a given abstract with the set of annihilated or created indices.
More precisely, at i-th collision, if s; = 1 (resp. s; = —1), we let b; be the index of the created
particle (resp. annihilated particle) and we let a; be the index of the particle with which it collides. As
renormalization has removed all hats in the diagrams, we require that for (s;,s;+1) = (1,—1) we have
(@i, b;) # (@it1, bit1).

There are various ways to truncate the Dyson series, but for convenience we shall proceed by restricting

the summation to some special sets of abstracts, which we call admissible sets. More precisely, abstracts,

histories, and admissible sets of abstracts are defined as follows.

Definition 3.1 (Abstracts and histories).
e An abstract is a finite sequence (s1,...,8,) € {£1}"™ such that we have for some 0 < m < my,
n J
m—l—Zsi:O, and O<m+Zsi§mo forall1 < j <n,
i=1 i=1
and m is then called the degree of the abstract.
o A set of abstracts 2 is admissible if for any (s1,. .., s,) €  we have (s, - - s,) € Q and also (—1,s1,- - $p) €

Q provided that its degree is still < mgy. We naturally decompose Q0 = Up<<mo$lm, where Q,, stands for
the subset of abstracts with degree m,

Q= {(31,...,sn)€Q : m—i—isi:()}.

i=1

In addition, we define the boundary 02 = Uo<m<m,08dm with

oy, = {(1,51,...,5n) ¢ Q : (S1,---,8n) GQm_H}.

o Given an abstract (si,...,S,) with degree m, we define associated histories as sequences (s;, ai,b;)1<i<n
with a; € N, b; € N\ {0}, a; # b;, such that:
- Zf (Si’si-i-l) = (17 _1>: then (aivbi) 7& (ai-‘rlabi-‘rl);
— ifs; =1, then a; € wi—1 and b; =1+ maxU;.j«,w; = 1 +max(m,a1,b1,...,ai-1,0i—1);
— if s; = —1, then a; € w;—1 and b; € w;_1 \ {a;,0};
where the indez sets (w;)o<i<n are defined iteratively as follows,

. L wi—1 U{l + maxUj.j<w;}, ifs; =1,
wo :={0,...,m}, w; = { w1\ {bi), if 5= —1. (3.3)
We denote by $(s1,...,5,) the set of histories associated with the abstract (s1,...,sp).
e The contribution of an abstract (s1,...,sy) is defined as the following operator on LQ(D),
Lissyssn) = > St b1 wosee " s Dansbn’ (3-4)

(85,a5,b5);€9(51,...,5n)

where we omit the superscript indicating the number of particles in ‘gj[,-,b,- as there is no ambiguity. This
defines an operator L*(D) — L2(D™*1) if the abstract has degree m.

In terms of this combinatorial structure, we are now in position to define the suitable ansatz for correlation
functions: given an admissible set of abstracts 2, which will be chosen later on, we define for all 1 < m < my,

cgim = 3 (\/ZTV)" S U T LAY (3.5)

n>1 (sl,...,sn)EQm

where we recall that gJ' is the ansatz (3.2) for the tagged particle density. (We emphasize that for m = 0

this formula does not hold as it does not coincide with the actual choice gév mo = gV

3.3. Approximate hierarchy. In order to compare the above constructed ansatz with the true solution
of the hierarchy , we compare the equations they satisfy: the ansatz only satisfies the desired hierarchy
up to some remainder terms. The notion of admissible abstracts in the definition of the ansatz is precisely
tailored to yield a tractable formula for the remainder terms.
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Lemma 3.2. The ansatz (3.2)—(3.5) satisfies for all 0 < m < my,

it
(8 + it Ly + 2D )NN mo j/%(&i gaome 4 S gl ”10) + RNYmo, (3.6)

with initial data §Y'"™|,—¢g = gl,—0, where we have set for convenience Y™ =0 for m < 0 or m > my,
and where the remainder terms are given as follows for all 1 < m < my,

. Ly i\ ke -
LR = _1\72”23<\/N) (sl,...,zs;)eglSJWI(SMWSH)EQ(%V
o o
LRN ™o = %1m<m02(&)n_3 Yo T LA (3:8)
n>3 (51,00r5m) €O

Proof. For m = 0, inserting the definition of g2 and g™, c¢f. (3.2) and (3.5), we find

(1 tia+ '“TNbO)ngV _ N Gt g Noma

\/N .
B O
- e s - n S () T S
(81500,8n)EQ

where we have noted that for n = 1 the only length-1 abstract (s;) € €5 is (s1) = (—1), and that the
length of abstracts in € is always odd. By definition of the renormalized propagator, cf. Definition the

resolvent identity yields
P = St 5y < [F7)

and we conclude that equation (3.6) indeed holds for m = 0 with remainder R)"™ given by the claimed

formula (3.7)).

We turn to the equation for higher correlations, m > 1. Given an abstract (s, ..
definition of the renormalized propagator, the resolvent identity yields

(1 +ia ity L + “TNDm)W,, Lisiysn) = INL(sy,80) +fN( ) (Zm’) Lisyposn):
By definition (3.4) of Z(,, .. s,) and by definition of histories, cf. Definition we can decompose

I(sl,...,sn) = (]151:15':1 + ]151:715';1) I(SQ,...,SW,) - 1(51752):(1,—1) (Z%\fl\j}) I(s;z,,...,s,,,)v

so the above becomes

., 8p) with degree m, by

(1 +ia+ itNE"L + MTND“@)MMM I(Sl7u~;sn) — 1IN (181=1‘§7Jrrz + ]181=—1‘§;L>MM,, I(Sz7~~>sn)

Z‘ 2’\/\N\/\/> RAAAAA
= tN(Z%) <(\/]V) WI(317~--1371) - 1(31,32)=(17_1)WI(337~--7371))'

Summing over admissible abstracts, recalling the definition of the ansatz, cf. (3.5), and simplifying the
telescoping sum, we find

,,,,,

e\ . ity . i \" - _
(1+ia+ ity Lo + 2 Dy ) L300 Z\/—]stj,; > (=) 3 Lo LG

it it | \n - )
m= 1i/ﬁ SmLay — m>2j/£ m;(&) Z WI(SIW,S”)L’géV

(815--28m)EQLm 1
(=1,81,.00s sn)EQm

w(zﬁﬁ);(&)" X T 39)

-1



LENARD-BALESCU THERMALIZATION: RIGOROUS DERIVATION FROM A TOY MODEL 17

Now using that 2 is an admissible set of abstracts, and recognizing the definition (3.5) of the ansatz, we
obtain

. R it N
(14 i+ ity L + 52 Dy ) L300 — ;ﬁ (Sicanre + Sacahme)
itN ~ 7 n AAAAA -
g () T
VN Z VN . Z s T(51500580)~90

n>1
T(EEE(E) X om 3
- T y— I(sl,...,sn)[’go .
N n>1 \/N (815-0s Sn)EQm
(L =181 . 05n) €2
Further reorganizing the right-hand side and recalling the definition of the boundary 0f2,,, we conclude that
equation (3.6) indeed holds for 1 < m < mg with remainder R0 given by the claimed formula (3.8). O

3.4. Error estimates. As the ansatz is an approximate solution of the hierarchy (2.3)), cf. Lemma we
can now appeal to the unitary structure of the latter to deduce error estimates.

Lemma 3.3. The ansatz (3.2)(3.5) satisfies for all 0 < m < my,

1
—T m ~N,m m ~N,m, m 2
sup (e l(gn ™ = g™ )) + Il Loy — £a ) (chRN "NI7)’

where (RY"™0)o<,n<m, is defined in 7.

Proof. As the ansatz satisfies the approximate hierarchy , we have for all 0 < m < my,
(3107 + il + 55 D ) (92} — G3™)

= o (18021 = G0 + 8562 = B071)) — 1R RN,

with vanishing initial data (g0 — gV:™0)| _q = 0. By the unitarity structure of the hierarchy, cf. .,

we obtain the energy identity

t
0: ZHgNmO B+ 25 SN [T (g — ) ||2——2Z W= g R,

m=0

Integratlng in time and using nonnegativity of the dissipation term, we find

(3 lgms - gmoye) / (3 IR R)*
m=0 0 “m=0

To estimate the right- hand side, we use the bound [ [l¢ll < (f; e2do)V? || Lo || < e || Lo || in terms of

the Laplace transform . This yields the first part of the claim. For the second part, we apply Laplace

transform to the evolutlon equatlon satisfied by g& — g™ and repeat the above estimate at the level of

Laplace transforms. O
4. RENORMALIZED PROPAGATORS

This section is devoted to the study of the renormalized propagators x introduced in Definition
which amounts to formally resumming the contributions of hat (and nested hat) operators.

4.1. Properties of the hat operator. Before analyzing the renormalization procedure, we start by study-
ing the hat operator é= and we show that it is nonnegative and controlled by diffusion in velocity.

Lemma 4.1. For all0 < m < mg, gm,hm € C’é’o(]ﬁ)m*l), and ¢ > 0, we have

o (S F)an), 2 0

41
¥ (E2)nl, 50 SO IV omle
J4
(s e (252 am) | S 190l Y € i) IV gl

s=0
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where we have defined
oY = / (k) |k[*=*V(k)? dk
Rd

DIV gl

[m]

In particular, we can deduce

R(Vly0m: Vi, (32520 me+WﬁmMusz

Proof. We split the proof into three steps

Step 1: Positivity.
By definition, for 0 < m < my, the hat operator reads as follows

Z% - Zdivvj |:/(km+1 & km+1))>(km+1)2\/ﬂ(vm+l)

-1
) Ifl/'AU[m-f-l]) \% M(?}m+1) d*km+1 dUm+1:| Vv]. . (42)

X (H"a + szl v+ ikma1 - (Vma1 —
1=0

As the resolvent identity yields

—1
’ (Um+1 - vj) - JI\QIAU[m-H])

m
%(#}ja + ) ik v+ kg
1=0 m -1
= (1“&“ — Zikl v = kg1 - (Umg1 —vj) — A [m+1])
1=0 o
x (% — %AU[MIJ (1+wé + szl v+ kg1 - (Vmg1 — vj) — NAU["LH]) ,
1=0

we obtain for g,, € C2°(D™*!),
N AU[m +1] ) hm,j (2[m+1]) dv[m] d” Zma1,

Rom (E)an), =2 [, oo (3

where we have set for abbreviation
m —1
Pon,j (Bpme1)) = (1230‘ + Zikz 0+ kmy1 - (Vma1 — V5) = N D) )
1=0
% (o1 V(kns1) - Vo, 9(0) VA (0041)).

The claimed positivity follows.
Step 2: Control by velocity diffusion
Starting point is the following commutation relation, for 0 < 7 < m
|:V'U[m] ) 1:—]304 + Zlkl “vp+ ikm+1 . ('Um+1 - ) RIYAN m+1]:| = (k[m]\{j}a k] — km+1)7
1=0
from which we can deduce, for n > 0

—1
(Omst — )—;A%MJ

=0
n n ‘ m —s—1
= Z ; ( ) NGt ki — Emg1)® <1;r;,a + Zikl vy ikt (Umg1 —v5) — R A [,,L+1]) Vomy”
1=0
(4.3)

s=0
By definition of the hat operator, cf. (4.2), we then get

s (R, = - -
VU[’"] ( Z 7>gm B Z Z leUJ (gsvvj Vv[m] gm) )
7=0 s= O
or alternatively, further expanding the remaining divergence,
m n ' S + 1
2 on— s n—s
AAERITEDD Z Vo, Vi g, (44)

V(X =S 3
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in terms of the operators

G, = (—i)° /D(km+1 ® ko 41)V (k1) VM (Vi g10) (R (53 Kj = Fomg1)

m —s—1
x (#N“ + 3 ik v+ ikt (Ve — v) — ;Av[mﬂ]) VM (0pi1) d* 21,
=0

G, = (—i)t / (et ® Fonst)V (1) A (0 s) (B (53 5 — Fog )25

m —5—2
X <1t+Na + Zikl v+ kg1 - (Vmg1 — ;) — ;@AU[M]> VM (Unmg1) d* 21
1=0
In order to perform complex contour deformation in v,,4+1, we rely on the following Green’s representation

formula for transport-diffusion resolvent operators, which is easily checked by a Fourier calculation: for
o >0, Rw >0, and h € C=(R?),

, k-(u+v) okt |u—o]?
. —_ 1 — — — —_—
(w+ik-v—0l,) h(v) = 47rJt F P~ / /]Rd exp ( tw — it 5 D o7 h(u) dudt.

Returning to the above operator G, recalling that M is the Maxwellian distribution, and using the holo-
morphy of the Green’s function, we can appeal to the holomorphy of the integrands in v,,4+1 and perform
complex contour deformation,

Um+1 — Um+1 — Z'kmleu

where we use the short-hand notation k := ‘% This allows us to rewrite G, as

gs = (*i)s/(kmﬂ ® ki g 1)V 41)°V M (Vg1 = ik 1) (kg (532 K — Fomp1)
D

m —s—1
X <1f§a + [kmt1| + Zikl v+ kg1 - (Vmgr —v5) — Z’:/A”[m+1]> VM (vt — ikmg1) d* 21,
=0

from which we can directly estimate

1.9l S Nomli | i bl V 22 s S €Y ()l (45)

and similarly

G2 j9mlle S Cyr kg™ g 1.
Combining this with (4.3) and (4.4), we obtain the desired estimates.
Step 3: proof of (4.1).
Singling out the term with s =0 in (4.3), we get

Vot (Zg)gm == ‘io divy, (QOVUjVZ[m]gm> - i Zn:
=

j=0s=1

v, (gsv% v gm)

and thus,

<Vﬁ[m] m Vg[m] (Z(E)) gm>k = i <(ij vz[m m) s Go (Vy v[m gm)>k

i—0
J m

+Zi < Vo; Vi 9m) Qs(ijVZ[;ﬁgm)%.

jOSl

As the result of Step 1 yields Gy > 0, we note that the first right-hand side term has nonnegative real part.
The claim (4.1) then follows from (4.5)). O

4.2. Renormalized propagator. We start by showing that the iterative definition of the renormalized
propagator in Definition 2.1 makes sense. This easily follows by showing at the same time that the renor-
malized hat operators are nonnegative, thus extending the corresponding positivity statement for the hat
operator in Lemma
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Lemma 4.2. Deﬁnitionfor the renormalized propagator makes sense and yields a bounded opemtorm

on L2(®m+1) for all 1 < m < mg. In addition, the associated renormalized hat operator is nonnegative: for
all 0 <m < mg and g, € C (D),

R, (S, 20

Proof. As the definition of the renormalized propagator is iterative, we argue by induction. Recalling that
for m = mg we have m = on L?(D™o*1)  cf. Definition we can use Lemma to initiate the
induction. We then split the proof into two steps.

Step 1. Proof that, for all 0 < m < my, if m is well-defined on Lz(ﬂj)’”*z) and if the renormalized hat

operator £ on L2(D™+2) is nonnegative in the sense of

§R<gm+la (Z%)gm+l>k > 0,

then the operator §d on 1.2 (D™+1) is also nonnegative in the sense of

: (s (S5, 20

By definition of collision operators in the diagrammatic notation, as m is assumed well-defined and bounded

on L?(D™*2), we can write

m
<9m, (Z‘%})gm% => <gm, S;?,;Lxwafi’fgm>k

=0

m
-3 [
—o /Re Rd)m+2
—1

<W+1 + Zlkz v+ kg1 - (Vmgr —v5) + %bmH +x Z@@%) hinﬂ A1) d" Kt

in terms of ' .
h3n+1 = VM (Ums1)kmy1V(kmy1) - ijgm(é[m]>-
Taking the real part and using the resolvent identity as in Step 1 of the proof of Lemma we obtain

ER<gm7 (Z%\%>gm>k - jz::() 8?/d /Rd)m+2 et <t§v * %Dmﬂ tx Z%) HZ@H ot 21 K1

in terms of
—1

H) .y = (WH + Zlkl O+ kgt (U1 — 05) + £ D + & Z%) W
1=0

From this identity, as the operator Zm is assumed to be nonnegative on L2(D™*2), we conclude that the

AN

same must hold for the corresponding operator on L?(D™+1).

Step 2. Proof that, for all 1 < m < my, if """ is well-defined and bounded on L2(D™+2) and if Ed i

nonnegative on L2(D™*1) in the sense of Step 1, then the definition of T on L2(D™+1) in Definition
also makes sense and we have

17 gmlle < tnllgm e

Given g,, € C°(D™*1), consider the equation

<W+1+Zlkz v+ %D +sz) m = gm-

Testing with h,,, taking the real part, and using the assumed nonnegativity of m, we deduce

i + £V hmll < N gmllllhm 1k,
and thus
Al < tnllgmllk
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This proves that h,, =" & gm is well-defined and satisfies the desired estimate. O

4.3. Complex deformations of renormalized propagator. Similarly as the transport-diffusion resolvent
(% +ik-v— £A,)"! can be deformed in the complex plane when applied to holomorphic functions in
velocity, cf. , we show that similar deformations can be performed on renormalized propagators. This
is useful as deformations can be chosen to obtain uniform-in-N resolvent estimates. Complex deformations
are performed at the level of velocity translations and we start with some notation: for &, € (RH™HL | we

denote by 7¢,,, the translation operator on L2(Dm+1),
(e 9m ) (im)) = G (i) Vm] + Epm)); (4.6)
and we consider the conjugation operator T, for any operator X, on L? (Dm+1,
Ty, [Xm] = Tty Xm T—€( - (4.7)
&

satisfies similar bounds as the hat operator in Lemma This is split into two different statements, but
both will be proven at once.

On top of the deformability of x, we also show at the same time that the renormalized hat operator

Proposition 4.3. Assume that £ > CY = Jza |k|l>(k)2 dk is sufficiently large. For all 0 < m < my,
Imy hm € Cfo(ﬂj)m+l), and ¢ > 0, the renormalized hat operator satisfies

(s (25 ) | 5 ORIV ¥ 90

+1
va[mJ(Z%ﬁmHk ~ Z(:)%[mwsllviﬁ_sgmuh
4
(s Ve (25 ) | S 190 bl S i) IV 5 g

s=0

In addition, generalizing the positivity statement of Lemma [{-3, we have for all ¢ > 0,

L
R(VE,,0m s Voo (D25 ) gm) 2o =196 gmlle D Uepm)* 1952 gl (48)

s=1

Proposition 4.4. Assume that k > C} = Jza |k|l>(k)2 dk is sufficiently large. Given 1 < m < myg, let
ki) € (RY)™ L be fized with >_;jkj=0. Choose vy, ... vy € S4=1 with >.ikj-v; >0, and let

Sot = (RT=d[0, 2 ]up) x .o x (R = [0, 2 vy

) mo ) mo
Then, for all g, € C°(D™*1) and V) € (RY)™FL, the map

Epm) = Tt [ ] G (Zom])

can be extended holomorphically to &) € S}, and this extension satisfies for all £ > 0,

V[m] 7

[T 2 T0ml|, 5 (7 + Rlbn - &o))  ginle

AN

—s—1

T T ék[mw(w(t}v+%<ik[m]-§[m])) )vﬁ[:;gmnk.
s=0

Proof of Propositions[{.3 and[{.4} We use the short-hand notation V,, := V, . We split the statement of
the two propositions into four items, where we further add some commutator estimates that will be useful
to iterate on: provided that k > CY is sufficiently large, we show for all 0 < m < my,

(i) For all %, and g,, € C° (D™+1), the map

f[m] = Tf[m] [x} gm(é[m])

can be extended holomorphically to £, € S;?m].
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(i) For all g,, € C°(D™+!) and §m) € Sy, we have for all £ > 0,

l/[ ]7

|7 (o], 5 (F+ RS t-€)) anlh
-1

[ | P SR CRR e IR)
(1 (RS h-6)) )5 g

(iii) For all 2, and g,, € C°(D™+), the map

§pm) = Ty [Z ‘%ﬂ m (Zpm))
can be extended holomorphically to §,,,) € Sm ”
(iv) For all g, hy, € C°(D™1) and &im) € Sy, we have for all £ >0,

(s T | 25 ),

< CoNVmhamllI Vg,

~

[ViTe [ 225 am|| e S ) IV g
s=0
(B [V Tegy | 326 ), 50 ¥l 3 i I

s=1
These properties immediately imply Propositions and Note that the additional claim in
Proposition follows from the commutator estimate in (iv) together with the positivity statement of
Lemma [£.2] Since Definition [2.I] for the renormalized propagator is iterative, we shall naturally prove these
four properties (i)—(iv) by induction, starting with m = mg. We split the proof into five steps.

Step 1: Setting the induction: proof of (i)—(iv) for m = my.

For m = my, noting that £ _ 0 on LQ(Dm0+1) as it would involve > mg background particles, it only

ANAN

remains to check (i)—(ii). Recall that on L?(D"0t1) we have by definition

mo —1
AN _ — _ l+loé . . ﬁ A
o GO SR I
=0

Conjugating with velocity translation, this becomes

1
T§[m0] [m} — (1+1a + Z’Lkl ’Ul + &) % ) .

As this transport-diffusion resolvent remains Well—deﬁned and bounded for all §,,,) € S,’j[ﬁio], since by defini-

tion this ensures (i ), k;-&) > 0, property (i) easily follows. The bounds in (ii) are then obtained similarly
as in Step 2 of the proof of Lemma [.T} we skip the details for shortness.

From here, we argue by induction: we assume that there is some n < mg such that properties (i)—(iv)
hold for all m with n < m < myg, and we aim to show that the same then also holds for m = n. This is the
purpose of the next four steps.

Step 2: Proof of (iii) with m = n.
By definition of collision operators, applying conjugation, for ¢}, € (R%)"+1 ) we find

Ty {ZM] 9n(Zn)) Zdlvv </ 11 ® kg 1)V (Eng1) VM (v 11)
HYY o (Zar) d*an) . (4.9)
where we have set for abbreviation

H2 o (Gnin) = Ty mu—e) [W} Vo, I i) VM (v 11). (4.10)
By the induction assumption, appealing to (i) with m =n + 1, we find that the map

Unt1 = H;[;i7£[n] (Znt1) = (T(E[n],vwrvrﬁj) LMMJ (vngn ® Toppq V M)) (é[n]’ (knt1,0))
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can be extended holomorphically to R% — [0, %]En+1. By complex deformation, the integral in (4.9)) is
thus equal to

Ty, {Zm] In(Zn)) Zdw“ (/ 11 @ K1)V (kna1) VM (vn 4 — %2 kn+1)

% T [m] Vo, gn (o)) VM (11 — ifg;kn+1)d*zn+1). (4.11)

(n 7—7;7:2)1 kpp1—vj—€5)

For §,,) € S, with v}, as in the statement, we find

V[ ]7
§R<zn:k e 1 (—inELE . — £
iky - &+ iy - (= S kg1 — v — &)
1=0 .
2 §R(iknﬂ (=i kg — vy — fj)) = 2 k1| = R(ikntr &) 2 oolbnn] (412)

Appealing again to (i) with m = n 4 1, we can conclude that (iii) holds with m = n.

Step 3: Proof of (iv) with m = n.
Starting from identity (4.11)), we can write

<hn’ Tg, {Z%ﬂgn% = i:o/Rd V(kn+1)2<(kn+1 hn) @ VM (- +i% k1),

Tl iy o] Ot Vo 00) © VI =380 ) i, (413

A

and thus, by the induction assumption, using (ii) with m = n + 1, together with (4.12]),
(s Te [ 0, S 190l Fosile [ ol Vi) s, (4.14)

that is, the first estimate in (iv) with m = n. Next, for all £ > 0, starting again from (4.11)), we can bound

otz [0,

/ e PV (k)2

£+1 /M n
HV+ ( (Epny— z”+1kn+1—€j){ :| 1,Jgn® ( —1 +1kn+1))dekn+1-

mQ

By the induction assumption, appealing again to (ii) with m = n + 1, together with (4.12)), we then obtain

9275 | 25

and the second estimate in (iv) follows with m = n. The last estimate in (iv) is obtained similarly and we
skip the proof for shortness.

£+1
St S IVE gl [ (s ol (L4 =)D )? b,
s=0

Step 4: Proof of (i) for m = n.
By definition, applying conjugation, for &,; € (R%)"*!, we have
-1

Te [0 90 i) = (1+W+szl (04 &) + £Dp + LT, {ZWD n o).

Now, given g, € C’go(]ﬁ)”“‘l) and ) € Sf}[n], consider the extended resolvent equation

<lz\ja+zikl'(vl+fl) £D, + £ T - [Z%}) n = Gn-

1=0
Testing with h, and taking the real part, we find

(7% + R ik &) a2 + F ¥kl + 4R B Te [ 3252 00 ) < gallellonli
=0

and thus, by the induction assumption, using (iv) with m = n and ¢ = 0,

(7% +R D ik &) Ihall? + % (5 = CCDIIVnballE < lgn il
=0
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(Note that we could not simply appeal to the positivity statement of Lemma unless &, € (R%)™, which
we do not assume.) Provided that x > C} is sufficiently large, the second left-hand side term is nonnegative
and we deduce

n -1
Ialle < (55 +RY ik &) lgale,
=0

that is, for all £,,) € S}

Yn)’

1
H(lﬂo‘%-zlkl (v +&)++ £D, + Tg {Z&C%]) 9n
i k

In addition, by the induction assumption, using (iii) with m = n, we can deduce that this bounded resolvent
is holomorphic with respect to £, € S,’}[n]. This concludes (i) with m = n.

< (BARYik&) el (@15)
=0

Step 5: Proof of (ii) with m = n.
The first estimate in (ii) with m = n already follows from - Given ¢, € 55 and g, € CZ° (D" 1), let
B =T, [X] gn, which satisfies by definition the resolvent equation

<1+m + Zlkl v+ &)+ % %Tg[n] [Z%})hn = Gn- (4.16)

Applying V¥ to both sides of this equation, testing with V% h,,, and taking the real part, we obtain

(7% + R ik &) IVaRallE + FIVE )
=0
< 94 hnls (IV4al + L 1V5 ) = S R(VE I, ViTe, [ 325 )

Decomposing the last term using a commutator, and appealing to (iv) with m = n (already proven in Step 3),
we are led to

(& +RD ik &) IVahall? + (5 — CONIIVE bl
=0 J4
Se IVl (I8 gnll + [ 195 all) + %195 Rl 3 g 1957 R .

s=1

Provided that x > CY is sufficiently large, and using Young’s inequality to absorb the norms of Vﬁhn and
V&1 h,,, we obtain

(& +§rezzkl a)nvfh I+ AIVE Rl

£
§e( +§rezzkl &) (1950l + P95 Rall2) + & Stk 195 "0l (417)
s=1

Iterating this estimate, we deduce for all £ >0,
n
(& +RY k&) [Vhhall + H V5 Ao}

1=0 n gt
< (i-l—@?z:iklfl) 1Z<k[ 2 (1+( +3?szz fz) )IIVﬁsgnII% (4.18)
=0

s=0

With this bound at hand, we can now turn to the proof of the second estimate in (ii) with m = n. Applying
V¥ to both sides of the resolvent equation (4.16), we find that the commutator

Hrl; = {Vfwa[n] [xngn = vfzhn - Tﬁ[n] [X} Vflgn

satisfies

(1+za + szl v +&) + %Ti[nl {Z%})Hé

=0 = —ilkp) @V hy — [Vﬁ’Tfm [Z%ﬂh"
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Testing with HY, taking the real part, using (iv) with m = n, and arguing as in Step 4, with x >> cy
sufficiently large, we obtain

(& %Zm &) IHLIE + %1V HA I
S i VLN i+ [ (s [ Ty [ D2 573) | )

and thus, by the commutator estimate in (iv) with m = n,

)

(& +%Zml &) IR + %IV HA I ,
Se Il TNV Balle + 3 IV HE e Y (ki) 1957 B
s=1

By Young’s inequality, we can deduce
n n . .
(i +%Zik‘l §z)||Hf;||i <¢ |k[n]|2<# +§Rzikl .gl) V42 ha |2 + %Z k) 2|V =R |12,
1=0 =0 p

and the second estimate in (ii) with m = n then follows by inserting (4.18). This concludes the proof. [

4.4. Airy-type resolvent estimates for renormalized propagator. For the transport-diffusion oper-
ator ik - v — A, with O(%) velocity diffusion, we can exploit hypoelliptic estimates and the resulting
enhanced dissipation to improve on the naive resolvent estimate

(5 +ik-v = x20) gl < twllglle-
More precisely, we obtain the followmg Airy-type estimates.

Lemma 4.5. We have

sup (e + ik - v = 80) " gll S N5IRI S lgll, (4.19)
e>

and for all £ > 1,
. _ _ L1 _
sup |V (e + ik - v — £ A0) " Hglle Se [R[THVIRD (VD) glla-

e>0
Proof. The estimate for velocity derivatives of the resolvent follows easily by scaling and by successive energy
estimates starting from (4.19). We focus on the proof of the latter. By rotational invariance, we can assume
k = |k|e; and we are then reduced to proving the following resolvent estimate for a one-dimensional operator:
for all € > 0,

. _ 12
(e +ilklw — 302) " gllz@) S N3 K3 g2
By scaling, setting z = (|k|N)#w and 1 = |k| =3 N3¢, we note that
(e +ilklw — %02)" = N3[k|~5 (n+iz— 02)~"
Hence, it suffices to prove for all n > 0,
I(n+iz—02)gllew) < llglli2qr)

Now this is a standard result for the complex Airy operator iz — 92, which can be checked to hold for instance
by an explicit computation in Fourier space. (Il

We show that essentially the same resolvent estimates remain valid for the renormalized propagators.
Although the k-dependence and the loss of derivatives in the bounds below do not match the optimal
estimates obtained above, the scaling in N is identical — and this is the key feature for our purposes. Our
proof relies on a robust PDE argument that applies directly to renormalized propagators but is not sharp
enough to recover the optimal k-dependence; we do not try to optimize this aspect here.

Proposition 4.6. Assume that k > CY is sufficiently large. For all 0 < m < mg, gm € C§°(]f))m+l), and
£ >0, we have
(e—1)v2

V8 gl e V| 2 i) Y0 N
s=0

2+1 s

H<Vﬂ[m]>sgm”kﬂ

VIm] s~



26 M. DUERINCKX AND C. LE BIHAN

To prepare for the proof of this main proposition, we first establish the following bilinear estimate for the
resolvent of transport operators. It is based on the following observation: the Hilbert transform f +— H f is
not a bounded operator W' — L (it is only bounded Bj ; — L), but the related bilinear estimate
below still holds.

Lemma 4.7. For all g,h € C*(R%), k € R, and ¢ > 0,
(s (e +ik-v) " g) S K17 (DRI gl + 119 )
Proof. For fixed k, recalling the notation k= %, we decompose the integral
(hy (e + ik - v)~1g) = /Rd(a+m-v)—1(ﬁg)(v)dv - /;;L /R(e+z'|k|s)—1(ﬁg)(z%s+q/)dsdq/.
In terms of H.(s) := (¢ +1is)~!, we may then bound
(hole ik 0)7'g) < W [ [Hapg o (B -+l '

It remains to prove the following bound on the Hilbert transform: for all g, h € C°(R),
Sl;g | He * (hg)HLoo(]R) < ||hHH1(]R)||g||L2(]R) + ||h||L2(R)||g||H1(]R)~ (4.20)
>

Let g,h € C°(R). Decomposing
< h(t —s)g(t — s)ds — Z/

H.x(hg)(t) = [ ——— 5
o)) = [ e

and using the symmetry around s = 0 in the second term, we can bound

|H: * (hg)(t)| < |lhg|Le + /000 ﬁ‘h(t +5)g(t +s) — h(t — s)g(t — s)|ds. (4.21)

h(t — s)g(t — s)ds,

For the first term in this estimate, the Sobolev embedding W11 (R) C L*(R) yields

IhgllLe S IRgllwrawy S NRllmr@wllgllez@®) + 1Al L2 llgll me -
For the second term in (4.21)), we can decompose

/0°° |+ )9t + ) = e — 5)g(t — )| ds

€2 + 52
o R L A

and thus, noting that

o] _ _ 2 o) 1 2 1 2
/ ‘h(t—&-s) h(t s)’ ds = / ‘/ h/(t—i—su)du‘ ds < (/ |h’(t—|—u-)||Lz(R)du>
0 S 0 -1 -1
< 16]17 17wy,

we obtain
| i+ 90t +-9) = hie = s)att = 5)[ds < 4wy oo+ koo oo
This concludes the proof of (4.20). O
With the above lemma at hand, we can now turn to the proof of Proposition

Proof of Proposition[J-6 Given g,, € C*(D™*1), let h,, = T gm, which satisfies by definition the resol-
vent equation

(52 4 il + £ D+ & D5 b = g (4.22)
We set for abbreviation V,, = V
Step 1: Proof that for all £ > 0,

and we split the proof into three steps.

'U[wn] ’

l4+1—s
3

—1
£ _1 _ s
Vel Se N3 ) P [k + K] ™3 ) ™D N (Vi) gm k- (4.23)
s=0
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Testing equation (4.22)) with h,,, taking the real part, and recalling the positivity of the renormalized hat
operator, cf. Lemma[4.2] we find
o llmllE + R IV imhunll7 < Nkl gl
hence,
1 1 1

Vil S N2 IIhmllié’ lgmlli- (4.24)
Next, for ¢ > 1, applymg V¢, to both sides of equation (4.22), testing with V¢ h,,, taking the real part, and
recalling [V, iL,,] = ilkp, Vi !, we find

LT Tl + SV 2 < 18P (19l + 195 o
RV

1 Z ¢ &5
N < ’ Vin n hm>k’
and thus, using (4.8)) in Proposition

4
TNV Rl Se 16 Rl (I b gl + g 15 Bl ) + % I8 Bl > i) IV o -

s=1
By Young’s inequality, we are led to
4
1 1 s —s
195 ol Se N3NV Gl (198 gmllE + Voo 2195 1) + S k) UVl

s=1
Now iterating this estimate to get rid of the last right-hand side term, starting from , we obtain for
all £ >0,
¢ 1
195 bl S NF S 0hi)) = 195l (19591 + Lozl £ 195 B 1£) . (4:25)
s=0
Repeated application of these bounds allows us to control gradients of g,, in terms of g,, itself and the
gradients of h,,. For instance, for the first three derivatives, we find

IVmhonlle S NIl g
IVl S N )Vl i
N o g (nvmgmnk o Vg Flim )
N (ki) o o £
+N%<k[m]>||hm|\%||gmn%(||vmgm||,%+|k 1 )
N () o g 1 (192, 1+ N 4 g o g 1
+NE o gl (I mm -+ |k[m]|z||hm||2)
% (192 gml1§ + Nkl Bl g 1)- (4.26)

While direct iterations of (4.25)) quickly become cumbersome, as we see here, let us reorganize it into a more
tractable form. First note that it implies for all £ > 0,

IV Tl

A

+1

> E) " Vi o [

s=0 ¢

1 — s—
Se Mhmlle + N2 Epn) ™D (Bg) 11V, Bl (||V gmll? + Loz |y |2 [V lhmllk)
s=0

Using the Cauchy-Schwarz inequality and reorganizing the factors, this yields

Nk‘m /z+1 141 Nk‘m
( al ”) S k) IVl e ( & 1') [
s=0

(kpm))® (kpm))?

1 _1 N‘k[m” _é ‘ —s s % N|k[m]| _% : —s s %
+ N©|kpny| ™3 (<,€[m]>3) > E) Vi Fm (<k[m}>3> > k) IV g 1k
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N|k[m]| 5 slivs 3 N|k[m]‘ - =1 s
+((<k[m]>3) SZ<k[m]> V5 hom & <<k[m]>3) > ) Vil )

s=0

[N

and thus, by Young’s inequality,

N|k[m]| [Jrl A —s s
3 D ) Vi hom 1
((k:[m]> ) 2
14

N‘k[m]| *HTI 1 2 N|k‘[m]\ —£ -
< N . .
S (Qrags) Wil + Nl ™8 (G55 §<kw> I¥5,9m

Nkl |\ ~% ¢ N[~ 5% 2
+(<k|[n£]>l,|) 3§<k[m]>5|v;hmnk+( bl ) Zok[m] 592 Al

From here, we can proceed to a direct iteration and we conclude for all £ > 0,

Nk ©
m]>3

V5 Rl S (ko) “12( )

L L—v U

2 _1 N|km| R —s s

+ N3 g |75 o) > ( i [];3) > (Em) 1 Vingom -
v=0 m

s=0
The claim (4.23]) follows.
Step 2: Proof that
VmliZ S Vopma| ™ (1B e lgim i + 1117 Yo 1
+ N7 kg | T Vi [ (Ilvfnhml\k + </<v‘[m]>\|thm||k)
+ N7 k|~ [ 1 (I\Vf’nhmllk + (k) Vb [l + (k[m]>2||thm||k)- (4.27)
The resolvent equation (4.22) can be reorganized as
B = (% + L, ) Im — (1““ +iLy, ) (mﬁm +Z‘gw’vv\3’)hm
By Lemma [.7] we may then bound
xey T -1 ia T -1 B
[hml? = <hm, (e +ily,) gm>k - %<hm, (Y 4iLy,) (mDm + Z%)hm>
S Vel ™ (I mble gl + 1 1l $7m ) gim 1)
N g || (5D + D55 |

N | ol [ () (5D 52 3 |
and the claim (4.27)) follows using Proposition

Step 3: Conclusion.
Combining the result (4.27) of Step 2 with the bounds (4.26) of Step 1 on VA, V2 hn, Vi by, and
expanding all the terms, we obtain

e e Y M i L 1N 1

| ™% ki) 2 eI 9|+ NS ot |5 152 gl + N g |2 ) 1 g
N3 kg | ™ ) Wl 9+ N 5 g | W g1 IV 9 1

N3 kg2 e 912 IV Gl + g1~ 1o |5V G
N—%|k[m]|—l<k[m]>||hm||§||gm||%||vmgmu%+N—%\k U 1 | 1l 1V 192, g1

_1 _3 _
N E gy | gl 1929 1F + N By |7 ) E e 1 g 192,90 17
By Young’s inequality, examining all the different terms, we deduce

1 _2 _ _ _ _1 _4
”hm”k 5 (N3‘k;[m]| 5+ N 1|k[m]| 2<k[m]>4)‘|gm”k+|k[m]‘ 1||vmgm||k+N 3|k[m]| 3Hv$ngm‘|k

k

+ o+ o+ +
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Finally, combining this with the result (4.23)) of Step 1, the conclusion follows. (]

5. ANSATZ FOR THE TAGGED PARTICLE DENSITY

In this section, we prove regularity estimates for the ansatz g for the tagged particle density and we
show that it converges to the solution gy of the desired diffusion equation (2.12) as N 1 co. This provides
the rigorous counterpart of the formal computations in Section starting from (2.10)).

5.1. A priori estimates. Based on the properties of the hat operator established in Lemma [I.1] we easily
deduce propagation of regularity for the ansatz g'.

Lemma 5.1. The ansatz G defined in (3.2)) satisfies for all £ >0,

sup (¢ [1V4, ' (r)1) + 9%, £33 N+ IV L33 I Se 120l

Proof. By definition of g{¥, we have

EN NP [T —tn () (iRt £ Py) G- N
Ny +n N Dol = _( ) / Gt tn (=)L DD G N (1) dry
90 09 N o 0 190 (T1)dm
or equivalently,
_ InN~ tN _
d. 4+ 1 T~N D TENY _( / S+ tn(r—71) (il + & DI)S d
(@ + 1)(ea) + w5 Dol a)) = () () dn.

For ¢ > 0, applying Vf,o to both sides of this equation, the energy identity yields
O[5, (€T 1> + 2[5, (77 g0 ) II* + 2+ \|v§j1(e*7§§)||2
t T e
- a2 (e, [ S S ).
and thus, for all T' > 0, integrating over 7 € [0, T] and using Plancherel’s theorem for the Laplace transform,
V75, (e~ g6 (7)) +2/R IV, £(10.1180 ) (a J2d*a + 26 / Ve L(110.0130") (@) Pd*
tN ~ *
= 940l =257 [ R(94,£00m3)(@). Vi, b L(Mom08)(@))do.
Now appealing to the result (4.1)) of Lemma H4.1} we get

IV, (T a )P + /||v,,ocnmgo>< Weda-+ % [ 194 £lt0na o) P do

S Il + 5 3 [ 198l YT ol o
hence, by Young’s inequality,

IV, Ta NI + [ 198 L0 @) P+ w5 [ 95 2010258 ) (@) do
4
N
S IVhal+ 5 3 [ IViEomna @I do

By a direct induction over ¢, we deduce for all ¢, T > 0,

IV, )P
~ t
+ [ 198 £l ) Pda+ w55 [ 195 (8 0mil )0 P do 5 Z vzl

and the conclusion follows, letting T 1 oo in the last two left-hand side terms. O
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5.2. Kinetic limit. We show that the ansatz g}’ converges to the solution go of the desired diffusion
equation (2.12) as N 1 oo.

Lemma 5.2. Assume g € H?(R?), consider the ansatz g} defined in (3.2)), with txy = N, and consider the
solution go of the diffusion equation (2.12)). Then we have

1230 = Lgo Il £ - 1{Vw0)all-

1
<l
Proof. For ty = N, the equation for the ansatz reads
(1 +ia — KD, + Q)Lgév =g

Taking Laplace transform, the limit equation for go reads

(I +ia — kD) Lgo — divy, (Ao Ve, Lgo) = 9, (5.1)
where we recall that Ag is defined in . The error f]év — go thus satisfies

(1 4o = 5Dy +E0)(LG) — Lgo) = —dive, (Ao Ve, L) — EILgo,

and therefore, by the positivity of the hat operator, cf. Lemma [4.1]

1£35" = Lgo I < [l dive, (Ao Ve L£9o) + E3Lgo |l (5.2)
Arguing as in Step 2 of the proof of Lemma [£.1] using complex deformation, we note that
& WLgy = —divy, (Hn), (5.3)

in terms of

Hy(a,v0) = / (k@ k)V(k)2VM (01 — ik)

(R)?

, -1 .
x (1+N%a 4 |E| + ik - (01 — o) — %Avm) VM (01 — ik) V., Lgo(a, vo) d* kduy.
In terms of the matrix field
D(vy) = / (k® k)V(k)
(R?)2

the resolvent identity ensures

2 (\/M(Ul *ik))Z
k| + ik - (v1 — vo)

d*kdv,, (5.4)

1
KV 0o ) (HN = DV oo Lgo) I S 7 (et Vg )) (Vi) Vo LG -

Using equation (5.1) to bound aLgg in terms of gradients of Lgg, recalling the bound of Lemma on the
hat operator, and appealing to the a priori estimates of Lemma provided g € H?(R%), we conclude

1
(¥ wo) (HN = DV, Lgo) I < N||<v710>2g”'
Combining this with (5.2)) and (5.3)), we obtain
- . 1
Il £30" — Lgo |l < Il dive, ((Ao — D) Ve Lygo) |l +N||<Vvo>29||~ (5.5)

Let us now examine the matrix field D defined in (5.4). Splitting the v;-integral over RY = kR @ kL, and
noting that for a holomorphic function f we have by complex deformation and by the Plemelj formula

/Rfis_:_;) ds = —imf(0) +p.v./RfiS)ds,

we find
D(vg) = /@Rd)Z (k @ k)V(k)* M (01) 8(k - (1 — vo)) d"kdoy

+i/ (k& kD)2 0 T Rk v0))
(R9)2

k‘"Ul

d*kdvy.
As V is real-valued, we have f)(k) = )A/(fk'), which ensures that the last integral vanishes by symmetry, hence
D(vy) = 7r/ (b ® k)D(k)2M (v1) 50k - (01 — vo)) d*kdlvy.
(Rd)2

By a direct computation of the k-integral, see e.g. [0, (2.12)], we are then led to D = Ay with A( defined
in (1.19). This shows that the first right-hand side term in (5.5) vanishes, and the conclusion follows. ]
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6. ERROR ANALYSIS

This final section is devoted to estimates on the remainder terms 7 in the approximate hierarchy
satisfied by the ansatz, which then allows to conclude the proof of Theorem In the case mg = 1, note
that go" coincides exactly with the ansatz g}’ defined in (3:2), so that Theorem [1.3|follows directly from
Lemma [5.2] Below, we explicitly treat the case mg = 2 for illustration, before turning to the general case.

6.1. Case my = 2. Recall that the ansatz g(])\m = gJ' defined in (3.2) is independent of the truncation
parameter. For higher-order cumulants, we consider the ansatz (3.5) where we choose the admissible history
set Q := {(—1),(—1,—1)}. Using diagrammatic notation, this means

(1+io+ %Dy + L) LG = g,
Ly = S Lag (6.1)

£ = ()’ (S + S+ =00+ 500 £t

A direct application of Lemma [3.2] allows to compute the associated remainder terms.

Lemma 6.1. Given mg = 2, for the above choice of the ansatz, the remainder terms in the approximate
hierarchy (3.6) are explicitly given by

LRY = —.]t\%(ﬂﬁer)ﬁﬁév,
LRY = %(m+gﬁ+&%+5ﬂ+ﬁ+%>ﬁg{ﬂ

LRY = 0
Proof. The choice of Q yields 90 := {(1,—1),(1,—1,-1)} and the conclusion follows immediately from
Lemma 3.2 O

We now turn to estimates on the above explicit formulas for remainder terms, using the properties of
renormalized semigroups.

Lemma 6.2. Given mg = 2, the remainder terms defined in Lemma [6.1] are bounded as follows, provided

d>8,
tn N
LRIl < el (Vo) L35 I
tn _
IcrYNl < N2 (V) L33l -

Proof. For shortness, we focus on the proof of the estimate on RY, while the corresponding estimate on R’
follows similarly and is actually simpler. Starting point is the diagrammatic expression for R in Lemma
which we further decompose into three parts,

RN = % (R{VJ +RY, + R{Y3),

in terms of

crY, = g + =) LAl

CRYy = S5 Lah + ey cat,

crYy = 5o + ] Lad
We split the proof into three steps. Recall the notation k= Tllzl for k € R
Step 1: Proof that for d > 4,

LRI S KV w0)* L35I (6.2)

The two terms in the definition of ,CR{Y 1 are similar, and we start with the first one. We use the coordi-
nates (k,vo,v1) = ((—k,v0), (k,v1)) on D? and (k, k', vo,v1,v2) = ((—k — K, vg), (k, v1), (K, v2)) on D*. By
definition, we have

5] £ (o kw0, 1) = — VM (v2) KV(K) -V,

(R)?
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) N -1 ~
X (#—NO‘ +ik - (v1 — vo) + ik’ - (ve —vy) + %Dg) VM) (k= k)YV(k—k) -V,

% (S £a0" ) vo, va) d K de,
where in the last factor the renormalized semigroup is applied to
Sox Ly (K, v9,v2) = =V M (v2) K V() - Vo £33 (v0). (6.3)
Since the latter is holomorphic in vs, Proposition ensures that for fixed ¥’ the map
vz (8o LG8 ) (0K w0, v2) = (70,8 £33 ) (0, K00, 0)

admits a holomorphic extension to S! for any v € S~ with ¥’ - v > 0. Choosing v = /%’, we may thus
perform a contour deformation vy — vy — ¢k’ in the above integral, to the effect of

g (ko) = — [ VM (o — iR KD(K) -V,
(Rd)2
< (B ] ik (01— ) + 0K (v — o) + 5 D0) VEL(r) (k= K)D(k — k) - Vs,
( 7““ )mSé ;‘Cg(l)\[) (Oé, k/,’Uo,U2) d*k/d’Ug.

Diagrammatically, we use the following short-hand notation, where we add labels with the corresponding
Fourier momentum variable above each edge and where we add in bracket the deformation of a velocity
variable on the right of the corresponding line,

1% ’ -,
[—ik']
St k) = | a8 ooy .
R4 — 5 o

A direct estimate yields
1.1 eall < / = 0+ S VW0 = K[ Vo, o) S8 £30) (o ') i
and thus, by Proposition and the definition of So 1, cf. ,
. cadll,
< / R = K1 B )2 VROV (k= )V )7 ity S0 £00) (e k') d’
< Lo | / k= KK+ k= K)(1+ 57V )V (k- k) K,

which yields the desired estimate for this term for d > 3. We turn to the second term in the definition of
LR{Y 1- Arguing similarly as above, we use complex deformation,

~N ]C _ n : [7”%/] ~N k d*k/
E:lﬁgo (Oz, ,1}0,1)1) = e | Lgy (Oz, a'UOavl) )

208 10T [ K1+ 1020+ )P DK
The claim (6.2)) follows for d > 4.
Step 2: Proof that for d > 6,

and we find

IERTN S Vo) L0 NI - (6.4)

The two terms in the definition of ER{YQ are similar, and we start with the first one. Provided % =+ —lAc, we

let vy g = (12: + l%’)/|fc + 12;’\, which ensures both k- v, > 0 and k' - v ,» > 0. Using Proposition H to
perform complex contour deformation, we then find

K’ k ;
' [_Zulc,k']
Egév(a,k,’l)()7’()1> = / cg(gv(a7kav07vl)d*kl7
R4 — AAO

which is bounded as follows,
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7] £l S (Vo) ﬁgéVn/ (k= k) KI[K ||k = K [V )V (KYD(k = &)
X (14 =

1 2 /
) (14 ) .

Dk k!

Noting that k- Vot = k- vk = cos(a/2) if k-k' = cos «, we can estimate the above k’-integral,

/R )= BRI = K DR VR ) V(= K)(1+ ) (1 + )

S A dVE) [ KPVE)+ 1 )
Rd Vi, k!
S R+ V(R / cos(a/2) "4 sin(a)?42 da,
0
where the remaining integral is bounded provided d > 6. We are thus led to

T L1, S A+ V) 1(T00) 230,

which yields the desired estimate for this term. We turn to the second term in the definition of LR{,.
Complex deformation now yields

k
it ko) = [ M o €5 0 Ko v
R4 o o

which we can bound as follows,
=2y 230 ], S IV eo)* L3 / (k+ K2 |K|IK ||k + K V() V(K )V (k + k)
Rd

3 2 2
< (7o U+ mrer) + (o) (U ) ) v

Integrability requires again d > 6 and the claimed estimate (6.4) follows.

Step 3: Proof that for d > 8,
LRSI < (V) L35 NI - (6.5)

The two terms in the definition of LR{'s are similar, and we start with the first one. In order to be able to
exploit contour deformations for both propagators in this term, let us write its norm as

O k/ ' O k// “
el - [, (B e B ) v

Using Proposition [f.4] we may now perform contour deformations: taking note of the complex conjugate in
the scalar product, and setting v = v_js v, o’ = (k= k') /|k — k|, and o” = (k — k") /|k — k"], we find

5 [w] . "
St = [, (T2 o e By o e v

and a direct estimate then ylelds

)00 S T 2P [tk K

x V(k — K )?V(k — k') V(E)VE) (1 + ki) 1+ gt

KK/

) d* kld* k/,//7
where integrability requires d > 8. Arguing similarly for the other term in LRY. ‘s, the claim (6.5)) follows. [

6.2. General case: term-by-term estimate. Let the truncation parameter mgy > 3 be fixed. Our goal is
to generalize the strategy of the previous section to bound the remainder terms. For that purpose, we shall
first prove the following general term-by-term estimate for the contribution of an arbitrary abstract in the
Dyson expansion (recall Definition for abstracts, histories, and their contributions).

Proposition 6.3. Let (s1,...,s,) be an abstract with sy =1 and m+ Y., | s; = 0 for some m > 0, and
assume the space dimension satisfies d > 6n +m V n. Then we have for all g € C°(RY),

| Z(s1, 9] S NTFETFE™((T,,)" g,
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Before turning to the proof, we introduce notation and several auxiliary results that streamline the

argument. Fix an abstract (s1,...,s,) as in the above statement, with
n
s1 =1, m+ ZSZ =0 for some m > 0. (6.6)
i=1

Given an associated history (s;, a;, b;)1<i<n, we look for a bound on

PRI W 2 (6.7)
Note that the number of velocity /momentum variables involved in this contribution is
S =t{i:s; =-1} = "'gm
For this history, denoting by ki, --- , ks the momentum variables, the wave vector q;» of particle j after the
i-th collision can be constructed iteratively as follows:
— for i =0, we set
- Z;ﬂ:l kj J=0,
4 =1 k; 1<j<m, (6.8)
0 m<j<.8,
— for ¢ > 1, if s; = 1 (creation), we set
_ Gt ki o0 =
qj == ki X ©J=1b, (6.9)
Q;‘i o J ¢ {aibit,
— for ¢ > 1, if s; = —1 (annihilation), we set
) qéjl + q;)l_l : ] = Ay,
g =4 0 D j=by, (6.10)

Q;'il v J ¢ {ai b,

This encodes the momentum transfers in collisions described by the history (s;,a;,b;)1<i<n. The following
lemma provides a convenient description for the structure of these wave vectors.

Lemma 6.4. There exist two sequences ()¢ C {1,—1} and {Cj-’e}i’j’[ c {0,1}, such that we have for
all0<i<nand0<j <8,

S
a5 =D 0juch k.
/=1

Proof. From the above construction of wave vectors, we can easily check iteratively the following two prop-

erties:

— For all 4,¢, the set {j : aqu;» # 0} has either 0 or 2 elements. If it has two elements, say j,j’, then
necessarily 9k,q; = —0k,q; € {£1}.

— For all ¢,¢, if {j : 3qu§_1 # 0} # & and {j : a,wq;i # 0} # &, then their intersection is non-empty. In
addition, denoting by {7, j'} the elements of the first one and {j, 7'} the elements of the second one, we
have Ok, q; ' = Ok,q} and Oy, q}, " = Ok,

The desired representation follows. O

With the above notation, we now introduce an indicator w; € {0,1} that will indicate whether contour
deformations can be applied to the propagator after the i-th collision. Informally, we set w; = 1, and we say
that 7 is a ‘good’ index, if the i-th propagator either

(i) involves a velocity variable that is averaged over, or
(ii) involves a velocity variable that is not averaged over but is associated with a modified wave vector.

In both cases, contour deformation can be used to obtain an O(1) bound on the propagator. This is clear in
case (i). In case (ii), this follows as in Step 3 of the proof of Lemmal6.2} although the velocity variable is not
directly averaged, it is integrated over when taking the L? norm, and the modification of the wave vector
still enables a suitable deformation argument. A more precise definition of this indicator w; is as follows.
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Definition 6.5. For 1 <i < n, we define

1 ifw;\{0,...,m} # o,
w; = 1 : if there is a couple (j,£) with1 < j<m <{ <S8 and cé)e =1,
0 : otherwise,

where we recall that the index set w; is defined in (3.3).

To select suitable directions for contour deformations, we rely on the following elementary observation
from linear algebra.

Lemma 6.6. Let d >n —1 and ui,...u, € R? be affinely independent. Let @i, be the orthogonal projection

of uy1 onto the vector space span(us — uy, -+ , Uy, — uy), and define
Uy — ’17,1
olu cee LU =
( 1 ) n) |U1—U1|7
which is a unit normal vector to the affine subspace aff(uy,...,u,). Then for all 1 <i<mn,
n|conv(0,uy, -+ ,u
ui'o(ulu"'aun): ‘ ( Aty : n)|n7
|conv(wy, -+, Un)|n—1

where | - |; denotes the j-dimensional Hausdorff measure and conv the convex hull.

Proof. The standard formula for the volume of a pyramid yields

lconv (0, us, ..., up)|n = Elconv(uy, ..., up)ln—1dist(0,aff (ug, ..., uy)).

As dist(0, aff (w1, ..., un)) = u; - 0(ug, ..., uy), the claim follows. O

Using this lemma, complex deformations will allow us to bound propagators by inverse powers of simplex
volumes |conv(0, kj,, ..., kj,)|». The next integrability result shows precisely when such inverse powers are
integrable — this is the source of the dimension restriction appearing in our results.

Lemma 6.7. Let d > n— 1 and s € R. The function (ki,--- ,kn) — |conv(0, k1, ,kn)|S is locally
integrable on (RH™ if s >n —1 —d.

Proof. Write each k; as k; = kl“ + ki where kz“ is the orthogonal projection of k; onto span(k,--- ,ki—1).
By Gram-Schmidt,
|det(ki, ... ko) = ki |- |kl

which entails for the volume of the simplex,
lconv(0, ky, -+ k)l = ki |- k-

For almost every ki, ...,k;_1, the vector k;- ranges over a space of dimension d — i + 1. We then find
/ iy thnl<r lconv(0, Ky, - k)5 dky - - dkn S / Tf+d_1-~-rfl+d_”dr1...drn.
(Re)n B [0,R]"

Integrability thus requires s +d —i > —1 for all 1 < ¢ < n, and the conclusion follows. O

With these preparations, we can now establish the following general bound on the contribution (6.7) of a
given history in the Dyson expansion.

Lemma 6.8. Let (s;,ai,b;)1<i<n be a history associated to an abstract as in above, and let the space
dimension satisfy d > 6n +mV n. Then we have for all g € C°(R?),
ASl AN B WSS’!L

’S
quw

Proof. For w C [0, 5], we use the short-hand notation g, = (¢j)jew € (R?)¥, and we denote by ™" the

| < N0 (g, g, (6.11)

1,01 e a2 @y bn 9

renormalized propagator on L?((R?)*) with wave vectors given by (g;)jen. Given (Z1,...,2,) € D™, with
the above construction (6.8)—(6.10) of associated wave vectors (q}); ;, the definition of collision operators
yields

S S (B )
n—1 P
B qa;,. R
= (_1)mm/ms, H (\/M(Ubi)v(qi)qi : Vva,ix%/M(vb”)V(qn)qn Vo 9(vo) d* 21,51

i=1
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where we recall that the index sets w;’s are defined in (3.3) and where we have set

ki o if s =1,
b= ql’):l cif sy = —1.

In order to compute the squared norm, we double variables. For ky,11,...,ks € RY, we consider the wave

vectors (¢});,; defined just like (¢});; with (ki,...,ks) replaced by (k1,...,km,km+1,...,ks), and we then
define (g;); accordingly. For notational convenience, we set v; = v; and k; = k; for 1 < j < m. We then
find
& M~ M Bs 2 * * 7, T (=
|8z s = m [ dhsd R ] Vav@E)
i=1

n-t i,
X </d77[m+1,S] H (\/M(’l_}b7) qz . an,iW> \/M(l_)bm) (_]m . Vvog("l)o),

- A
=1
qa,.

Xﬁ) VM (vy,,) dm - Vvog(v0)> . (6.12)

k

n—1
[ v IT (VA ) - ¥,
i=1

We start by bounding the scalar product for fixed momentum variables k[s],k[m+17 s]- If we can choose unit

vectors vy, ...,Us, Umit, - ,Us € ST1 such that for all 1 < i < n,
S m S
D g <0 and Y givi+ Y @720,
=1 =1 JR—

then contour deformation yields
n-l @,
</d17[m+1,51 H (\/M(@bi)ﬁrvvaim> VM (0y,,) Gm - Ve g(vo), (6.13)
i=1

qa.,.

/d”[mﬂ,S] ”1_:[1 (\/M(Ubi) qi - Vvaix> VM (vy,,) am - Vvog(vo)>

k

=i

n—1 T,
= </d7_’[m+1,sl 11 (m(@bi — i) 4i - Vo, T-ip,, {WD VM (%, = is,,) Gm - Vo 9(v0),
i=1

AN,

n—1 i
/dv[mH,S] H (V M (ve, +ive,) Qi+ Vo, Tiv,, {M})\/M(vbm +ip,,) Gm - Vvog(vo)> ,
i=1

AN, k

where we have also set for notational convenience 7; = v; for 1 < j < m. Let us now make a suitable
choice for these unit vectors v, ; to perform the deformation. Denoting by p! the orthogonal projection
on span(ki, -+ , k)", we define v; as follows:

— forall1 <j <m,
v = Uj = 0( - O'j’m+1pl(k‘m+1)7 R —Uj7spL(kS), aj,m+1pl(/%m+1), ey Uj,spL(ks))7
— forallm<j <8,
v = —o(aj,1k1, ey aj,mk‘m),
vp = O(O'j’ll_fl, RN O’j’m];?m),

where we recall that the ¢ ,’s are defined in the representation of wave vectors in Lemma [6.4] and that the
notation o(-) is defined in Lemma For this choice, let us now examine the resulting quantities > j q§ "V

and ) y cj; - vj. We distinguish two cases, whether 7 is a good index or not:

— Case 1: 1 <i < n with w; = 1.
Using the representation of Lemma and the properties of o(+) in Lemma we find

s m S s s
. . N .
DIURZED BN LA ORZ) RN ID B CLAURZ)
=1 j=1e=1 jemt1 =1
~ f: zS: i lconv(0, =0, mi1pt (kmt1), - -, —05,5p(ks), 0jmy1p (kmt1),s oo 5 05,500 (ks))lo(s—m)
~ y _ _
=l T eonv(=0gmpapt(Bmt1) s s —05,9p(ks) s 0jma1pt (Bmt1) s s 05,99 (Ks))l2(5—m)—1
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S S
Z Z |conv (0,05, 1k1, ..., 05 mkm)|m
bl o=

leonv(oj1kiy -y 0 mbm)|m—1

By definition of w;, we note that the condition ; = 1 implies that there is some couple (j,¢) with
1<j<m<{<Sorj>msuchthat ¢j, = 1. Using |conv(ui,. .., up)ln-1 S ((u1,...,un))""", the
above then yields the lower bound

5. _eonv(0, =0 mi1pt (kmy1), -, =055 (ks) s 0jma1pt (Bmi1), -, 05,50 (ks))la(s—m)
_qu"’jzm-m T 2(5 1
j=1 J <(k[m+1,5]7k[m+1,5])> (S=m)=
A min ‘COIlV(O7 O’j71k1 g e e ’lgj’Mkm)‘m )
J (Kfmp) ™™
— Case 2: 1 <i<n with w; =0.
Choosing j € w;, using Lemmas [6.4] and [6.6] as above, we can bound
: : ; |CODV(O, kl,"' ,k‘s)|s
0., = 1g5] = qj-o(ojaki, - 055ks) 2 -
w i 0\ J (lps) S
Combining both cases, we obtain
S . 71 —
15 1—O|q A +15,=1 (1 + ( ijoq;- . l/j> ) S w(k[s],k[s]), (6‘14)
where we have set
w(kis), kisy) == ((kisy, krsp))™ ™"
. (1 + Z |conv (0, _O'j»melpL(kmel)a cee —Uj,spL(kS)v Uj,m+1pL(Em+1)» ) Uivspl(ifsm;(g—m)
+ Z |COI’IV(O7 Uj,1k1 PRI O'jﬁmkm)";Ll + ‘COI’IV(O, kh T 7k5)|§1 + |COHV(07 E‘l, ) E‘S)|§l> .

J
In order to estimate the norm

4.
H /dv [m+1,5] H ( (vp, +ivp,) q; - Vvai Tiuwiw‘“"“> VM (vy,, +iv,) Gm - Vo, g

b

k

we apply iteratively Propositions and - to bound the (deformed) renormalized propagators: for the
i-th resolvent in the product, we apply Proposition .4]if @; = 1 and Proposition (4.6 if @o; = 0. In doing
so, we need to take into account all possible ways to distribute the velocity gradlents in the estimates.
When considering ¢ derivatives of a propagator, we note that under Proposition [£.4] the bound preserves the
maximal number ¢ of derivatives, while under Proposition it requires (¢ — 1) V 2 derivatives instead. In
order to capture all possible admissible patterns of derivative counts, we thus consider the set £,, of all finite
sequences ({1, ...,£,) such that

— 0 =1,

— ifw; = 1, then €i+1 € [1,& + 1],

— if w; =0, then £i+1 S [1,& \Y 3]

In these terms, we can bound

n—1 qZ,
H /dv[m+1,S} H (V M (vp, +iwp,) Qi+ Vo, Tin,, )V M (vy,, +ivp,,) Qm - Vo, g
=1

‘ k

-2

n—1
248 —€i41 ) .
S (k)™ Y ||<VUO>Z”QIH(]1@—0N 5 (k) gl
(£i)i€ln 1=1 240, —1;
. 1 i—lit1
el (1 (- S o)) ),

By a careful summation argument, note that for (¢;); € £, we always have

n—1 n—1
ZQV(2+€1' —fi_ﬂ) < 3n, Z(2+£2 _Ki—s-l)]lwi:O S’I’L—i—ﬁ{l LW :0}.
=1 =1

Inserting this into the above, and using (6.14)), we obtain
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n—1 qi,v
H /dv[mH s] H (\/M(vbi + i) q; - VvaiTiuwiW) VM (v, +ivp,,) dm - Vo, g

k
2+ si{iwi= n n? T. n
S NEFRE=0 (7, ) g i) T ki, Ris) P (6.15)
Combining this with (6.12) and (6.13), we obtain

b1 WS v Bg 2 204 246, = n
ERTEDWRERIN] I i [\
2 — 2 n A A — % 7
X /(k[s]>cn ()™ (H |V(Qi)\|V(qi)|)w(7€[S]7k‘[S])G"d k11" k1,9
i=1
It remains to check the integrability in k: as the subspace span(ki,...,k,, )" has dimension > d — m, it

follows from Lemma that the map w(k,, l_f[k])G” is locally summable if
—6n >2(S—m)—1—(d—m),
—6n > max(S,m) —1—d.
This holds whenever d > 6n + m V n, and the conclusion follows. O

To apply the above estimate, we must control the number of bad indices ¢ with w; = 0. This counting
problem is subtle, especially because it depends on the chosen history. To streamline the analysis, we
introduce a special class of subsequences of the abstract, which we call tents.

Definition 6.9. Given an abstract (si,...,Sy), a contiguous sub-sequence (s;)a<i<pg is called a tent if it

satisfies the following recursive rules:

— Base cases: If (8;)a<i<p = (1,—1,—1), then it is a tent. If Ziﬁ:a s; =0 and Ziza i >0 foralla<j<
B, then it is also a tent.

— Recursive step: If (s;)a<i<p starts with (sq,Sa+1) = (1,—1) and if the remainder (sqto, - ,S) is
already a tent, then (s;)a<i<p is also a tent.

— Exclusion: If (s;)a<i<g = (1, —1), then it is not a tent.

With this definition, the key observation is that all indices contained inside a tent are guaranteed to be
good, regardless of the associated history. While not every good index belongs to a tent, this will allow us
to reduce the counting problem to a much more tractable combinatorial question.

Lemma 6.10. Let (s1,...,5,) be an abstract and let (s;)a<i<p be a tent. Then, for any associated history,
we have w; =1 for alla <i <

Proof. We treat the three defining cases.
— Base case 1: assume (8;)q<i<p = (1,—1,-1).
We already have w, = 1 and it remains to show w,4+1 = 1. The subsequence (1, —1) corresponds to one
of the following possible sub-histories, represented diagrammatically,
y ;o RPN oo
7 . -/ . J3 -/
Rl S o coc Lo G S S cocy
where the labels indicate the velocity variables. In the five first diagrams, we find j/ € ws N w1 and
J' ¢ wa_1, hence w41 = 1. In the sixth diagram, the wave vector of particle j; after the (o + 1)-th
collision is qjo.‘lJr1 = ¢, — kj, hence again wq 41 =1
— Base case 2: assume that Y7 s, =0and Y7 s; > 0forall a <j < f.
Recalling that fw; = 1+n + Z;zl sj, we deduce fw; > fwa—1 for all o <4 < 8. Thus, for each such 4,
there exists j; € w; \ wa—1, necessarily with j; > m, and hence w; = 1.
— Recursive step: This can be treated as Base case 1.
This concludes the proof. O
With the above construction of tents, we are now in position to prove an easy upper bound on the number

of ‘bad’ indices ¢ with w; = 0.

Lemma 6.11. Let (s1,...,5,) be an abstract with s =1 and m+ Y., s; = 0. Then, for any associated
history, we have
#{i:w; =0} < n+ 3m. (6.16)
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Proof. Let (s1,...,s,) be an abstract as in the statement. By construction, we can decompose it uniquely
into tents separated by down steps. That is, there exist » > 1 and a double sequence

l=a1 <fi1<... <, <Br<ap1=n+1,
such that:

— each block (s;)a, <i<p, 18 a tent;
— between tents, we only have down steps: s; = —1 for 5, <@ < ayy1-

By definition, every tent has either

/Bu B’U/
Z s; =0 (type0), or Z s; =—1 (type 1).

1=y, 1=y,

Let Ty and T denote the number of tents of type 0 and type 1, respectively, and let

D= Z Q41 — ﬁu - 1)

be the total number of down steps outside tents. Then
m = T, + D.
By Lemma [6.10] the only bad indices lie either at the last index of a tent or in the down steps, whence
Hi:w; =0} =Ty +T1 + D.
Moreover, we note that tents of type 0 have length > 4 and that tents of type 1 have length > 3, so
3Ty +47p+ D < n.

Combining these results, we can bound

Hi:wi=0} =To+T1+D < n+ 11+ 3D < in+3(Ty+ D) < In+

which proves the claim. O

0o

m,

We can now conclude the proof of Proposition combining the bound of Lemmal6.8|on the contribution
of each history, together with the bound of Lemma [6.11] on the number of bad indices, the conclusion of
Proposition follows. O

6.3. Proof of Theorem Recall that we use the ansatz (3.5) for a suitably chosen admissible set © of
abstracts. We define ) as the smallest admissible set containing all abstracts of length non-bigger than
K :=3mo+09.
By definition of admissible sets of abstracts, this means that € consists of all abstracts of the form
(=1,...,—1,81,...,8n)
—_———

£ times

where s; € {£1},0<n < K, 0 <m < mg, and 0 < ¢ < mg — m, such that

n J
m—i—ZSi:O, 0<m+25¢§m0 forall 1 <j<n.
; i=1
In particular, any abstract in Q has length < K + mg, and any abstract in 92 has length in the interval
[K +1, K +mg+1]. We now estimate the remainder terms appearing in the approximate hierarchy satisfied
by this ansatz. By Lemma these terms can be written as sums over 9€2. Applying Proposition [6.3] we
obtain for all 1 < m < myg,

) D Lo B DI P

n>3 (8144180 ) €O,
tN Cl(n— 501 _
S warslmems O Lasr,smeonN IO TN BT, )4 L5
n>3

S N Namom DT By, Ko gV

provided that the space dimension satisfies d > 7(K +mg+ 1) = 28mg + 70. By the choice of K, this means
for all 1 <m < myg,
1 m -
LR ™| S v N 71712 (V) et Lgg |,
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and thus, by Lemma for ty = N,
I LRY™ || € N7 [[(Ty,) "0+ 0]

For m = 0, recall from Lemma that Rév"m“ splits into two contributions. The first is a sum over 01,
estimated exactly as above. The second term is

which can be bounded using contour deformation together with Proposition [.4] similarly as in Section [6.7]
and we omit the details. We conclude for all 0 < m < myg, for ty = N,

m -1 m
LR I S N7 [[(Vyy) ™o+ 1], (6.17)
Combining these bounds on the remainder terms and applying Lemma [3.3] yields
N,m ~ —L m
I1Lg ™ = L33 Il S N7Z[[(Vy) ™0 0g].
Together with Lemma this concludes the proof. O
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